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DistribuUons 

l. Let r:b be a field of set2 E which eTe subsets of the line X : - OC < x < 00 , 

and suppose that every intErval is in -1:. CleE�rly, cb contains the Borel field. 

It is 2l so clear the_ t the Borel field is a ,f;. 

Let there be given on t; a (non-negative) weasurR IJ. such that tl-:e tJ.-

measure of X is l. The �-t-meBS1Jre_bili ty of a set can then be defined to mean 

that the set is contained ln ±.. This does not vreclude the possibility that 

there exists a field more extensive than 1> to which 1-L can be eY.tended from p. 

It will be necessc;_ry to consider various measures, fA. 1, v 11,. . . sirr:ul-

teneously, and so it will be convenient thc.t the fields 1;1, .f_.11, • • •  associEted 

with them should b8 chosen to be identical. This can be c.ccorr;plished by 

choosing �6 to be the Borel field for every f-1.· This will always be done in 

the sequel. Thus the decision as to whether a set is or is not mea.surable 

becomes independent of the choice of the mee,sure �t. 

Accordingly, E fror:; now on will always de11ote an arbi tn:;ry Borel set 

on the line X, and f-1. will be any function �t = !J.E, of E satisfying the fol-

lowing conditions: 

(l) �LE � 0; (2) !J.E+F+ • • •  = �LE + P·F + 
. . . . , (3) �J.x = l, 

where E,F, • • • is an arbitr8ry sequence of mutually disjoint Borel sets and 

X is the set of all real number-s x. 

By c-. distribution (on the line X: -OO< x <oo) will be meant any 

function f-1. = !J.E of E satisfying (1), (2), (.3). The name is due to the fB_ct 

that the measure, f-1.1, of a given E can be interpreted as the probability 

tnet a point x of X is in E. 



2. Let A = AE be a function defined for every Borel set E in 

such a way that (1), (2) �nd the co11di tion il:X <<X:> , a condition not 

im;)lying (.3), are satisfied by fl. = A. 

Clee.rly, Ar �I.E � Ac for every E, if I denote s  the interior, and 

C the closnre, of E. Let an E be ce.lled a continuity set of A if A.1 = A.c,

Yor instcnce, if E is an interval (closed, open or neither ) , and if x = a 

en� x = b denote its end-points, then E is not a continuity set of/, if 

and only if either A.a > 0 or At > 0 (the points a,b are thought of as 

Borel sets ) . It is clear tha_t X is a continuity set of every A. 

The last reme.rk irr.plies that, if jl (l), � (2), • • •  is a sequence of 

distributions (i.e., if (l), (2), ( ; ) are satisfied by �J. = jl (n ) for 

n = 1,2, • • •  ), and if there exi sts a A such that, as n� oo, the value 

�(n) tends to the value A.E wnenever Eis a continuity set of A, then 
E 

�t = A. s;:.;tisfies not only (1) and (2) but (.3) as well, i.e., A. must then 

be a distrib1.1tion. 

On the other hand, 

tions such that the limit 

. f (l) (2.) . f - . t . b 1 � , fl. , • • •  1s a sequence o dls r1 u-

of fA. (n) E as n � oo tends to a limit for every 

fixed Borel set E, then the limit, when considered as functi on of E, need 

not be e distribution. This is illustrated by the example in which the 

distribution �L (n) is the one attaining the value jl (n ) x = 1 for the t Borel 

set which consists of the shgle point x = n. The value I-t (n) E then 
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tends to 0 or to 1 according as E does not or does contain aninfinity 

of the points x = 1,2, •• • • 

Conversely, a sequence of distributions �(l},�(2), • • •  can be suCh 

that there exists a distribution � for whiCh �(n) tends to � for every E E 
continuity set E of � but not for every Borel set E. An example to this 

effect results if �(n) is so chosen that, on the one hand, every interval 

is a continuity set of �{n) (i.e., if � (n) = 0 for every point x; cf. 
X 

above) and, on the other hand, �(n} attains the value �(n)x = 1 for the 

Borel �et consisting of the interval 0 < x < 1/n. In fact , if � denotes 

the distribution for which � is 0 or 1 according as the point x = 0 is 

not or is in the Borel set E, then �(n}E obviously tends or does not tend 

to �E according as E is an arbitrary continuity set of E or consists of 

the Borel set repre'sented by the point x = 0. 

In view of the above pair of examples, the notion of a convergent 

sequence of distributions �(l) ,�<2>, . . . will have to be defined by the 

following requirement: There exists on X a Borel measure � such that 

� (n) 
E 

tends tq �E whenever E is a �!ltinuity � of ll • In this, and 

only in this, case will the notation � (n) � be used. Since X is always 

a continuity set, it follows t-hat �(n} � cannot hold unless ll is a 

distribution. 

3. Let f(x) be a Baire function {of the position x) on X and let J.1. 
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be a distribution. The1;, if f(x) is real-valued, the set of points x 

satisfying f(x) < a, where a is any real number, is a Borel set and 

has therefore a ��easure. 

Hence, if f(x) is any bounded Baire function an X, the Borel

Lebesgue integral J f(x) d� is defined and has, by (3), an absolute 

value not exceeding the least upper bound of I f(x) \ • Here and in the 

S the 
sequel, any integration, , in which .... range E is not marked, extends 

over the Borel set E consisting of the whole line, E = X. 

If f(x) is a Baire function which, instead of being bounded , is 

non-negative, J f(x) dJ.I. still exists but can be � • It is understood 

that "non-negative" always means "real and non-negative". 

If f1(x), f2(x), ••• is a sequence of non-negative Baire functions 

on X, then, according to Fatou, 

Slim inf fn (x) d� < lim inf r fn (x) dJ.t. 
n _.CP :::;; n � c:::t- J 

This implies that, if every fn(x) is a non-negative Baire function on X, 

't.'1en 

(4*) J f (x) dj.l. 5_ lim inf J f
n 

(x) df.L 

whenever fn(x) tends to f(x) almost everywhere on X, i.e., whenever 

fn (x)� f(x), where f (x) � OD, holds for every x not contained in a set 

of ��easure o. It follows from (4*) by classical reasoning tha�, if 

the assumption f f x) > 0 of (4*) is replaced by l fn (x) l < canst., then D' :::: 

(4*) can be refined to 

(4) f fn (x) df.L ___,. f(x) dJ.I.. 

In other words, (4) holds for every uniformly bounded sequence of Baire 

functions fn(x) which tend to f (x) almost everywhere on X. This implies 
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that, if fl(x), f2(x), • • •  are uniformly bounded Baire functions on an 
arbitrary Borel set E and tend to f(x) almost everywhere on E, then 

(4') J fn (x) d� � S f(x) dt-L• 
E E 

In fact, (41) follows from (4) by placing fn(x) = 0 and f(x) = 0 for 

every x con tained in the complement, X - E, of E. 

Fatou1s inequality has a dual, corresponding to the case in which 

the measure function, rather than the point function, va.ries wi th n. 

In particular, (4*) is paralleled by the inequality 

(5*) 5 f(x) d}t �lim i nf f f(x) diJ. (n) , 

if f(x) is a non-n e gative Baire function and �(l) ,�(2) , • • •  any sequence 

of dis tributions sat isfying IJ. (n)� !l in the sense defined at the e nd of 

§ 2. On the other hand, it is not true that, corresponding to the as-

sumptions of (4), 

(5) J f(x) dj.t (n) � J f ( x) dj.t 

follows from 1-l-(n)� 1-l- for every bounded Baire function f(x). In fact, 

if 1-l-(n) and 1-l- are the distributions defined in the second example of §2, 

then ll (n ) � IJ. is 'satisfied but, if f(x) = 0 for every x � 0 and f(O) = 1, 

the integrals on the left and on the right of (5) have the value 0 and 1 

respectively. However, (5) follows from j.t(n)� ll' if f(x) is a continu-

� boun ded function on X. 

In order to prov e this, it is sufficient to show tha t, if 1-L(n)� ll' 

there exist arbitrarily large numbers a > 0 such that, if E = Ea denotes 

the interval -a � x � a, then E is a con tinuity set of 1-L and 

( 5') J f (x) d}t (n ) � J f(x) d!l 
E E 
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holds for every f(x) that is continuous on E. In fact, (5) then follows 

by subtraction, since on the one hand, l f (x) f < const. on X and, on the 

other hand, IJ.(n) � IJ. as n� oo holds when the continuity interval, X-E X-E 
E = Ea, of IJ. is fixed, while llx-E = 1 - �� 0 holds as a� 00 in 

E = Ea. But the interval Ea is a continuity set of IJ. whenever both 

points x = ±a, thought of as Borel sets, are of Jl-measure 0 ( cf. § 2), 

and (1), (2), (3) imply that the set of the points x which have a posi

tive measure IJ.!�at most enumerable. Consequently, it is sufficient to 

ascertain that (5') follows from Jl (n)
� Jl under the assumptions that E 

is a closed, bounded, continuity interval of Jl and f(x) is continuous 

on E. But the truth of (5') under these assumptions readily follows 

from the uniform continuity of f(x) on E and-from the definition of 

IJ. (n)--lf Jl at the end of § 2. (In order to see this, it il"' sufficient 

to approximate f (x) by a majorizing and by a minorizing sequence of 

uniformly convergent step-functions, chosen in such a way that every 

interval of constancy of each of the step�functions is a continuity 

set of IJ..) 

It may be noted that (5') does not follow from Jl(n)--+ Jl, if 

E is an arbitrary closed, bounded interval on which f (x) is continuous. 

In fact, if f (x) = 1 for every x, then (5) claims that Jl(n)(E) tends to 

the limit Jl(E); a claim which does not follow from the assumption 

IJ.(n)� IJ. (cf. § 2). 
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4. For a given distribution tJ., let S = S(J.t) denote the set of 

points x having the property that the JJ.-rneasure J.l.J of any open inter

val J containing the point x is distinct from o. It is clear from (1), (2), 

(3) that the set S is closed and not vacuous , and that J.ts = 1. 

It was pointed out in the proof of (51) that the set of points 

x each of which has a measure J.t distinct from 0 is at most enumerable. 
X 

Let P = P(J.t) denote the set of these points. In contrast to the set s, 

the set P need not be closed and can be vacuous. 

Let S = S(�) be called the spectrum, and P = P(J.t) the point 

spectrum, of J.t• Clearly, P is a subset of S. 

A distribution J.t is called continuous if every Borel set E is a 

continuity set of J.t (in the sense defined at the beginning of § 2). In 

particular, every point x must then be a continuity set, which implies 

that J.l.E = 0 for every E = x, the interior of every E = x being the empty 

set (and therefore, by (1), (2), (3), a set of J.t-measure 0). Accordingly, 

if J.t is continuous, then its Pis vacuous. It is easily verified from (1) , 

(2),(3) that this condition not only is necessary but is sufficient as 

well in order that J.t be continuous. In other words, !J. is continuous if 

and only if every enumerable set is of J.t-measure 0. 

A distribution !J. is called purely discontinuous in the other 

extreme case, namely.in case there exists an enumerable set hav1ng the 

same J.t-measure as the whole x-line. It is clear from (3) and from the 

definition of P, that !J. is purely discontinuous if and only if !J.p = 1. 
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Correspondingly, � is continuous if and only if �p = 0. In fact, it is 

clear from (1), (2) and from the definition of P, that, since Pis at most 

enumerable, �p is 0 if and only if P is vacuous. 

��ile the above definitions involve only the measure � itself, 

the following notions are properties of a distribution � with reference 

to another measure, namely, with reference to the ordinary, i.e. "Euclidean", 

Borel measure (a measure which, incidentally, satisfies only the first two 

of the conditions (1), (2), (3) for a distribution, since it assigns to 

the Borel set a < x < b the measure b- a). 

A distribution� is calledpurely singular if it is continuous 

and such that there exists a Borel set Z of Euclidean measure 0 for which 

�Z = �X' where X is the whole x-line. In other words, � is called purely 

singular if llp = 0 and �Z = 1, where P denotes the point spectrum of 1-1. and 

Z is a suitable set of Euclidean measure 0. Since �S = 1 holds for every 

distribution, every continuous distribution having a spectrum S of Euclid

ean measure 0 is purely singular. On the other hand, if � is ptr ely sin

gular, then S can be an interval (or, for that matter, S can be identical 

with X; c:t;-§63 below) . This implies that the set Z occurring in the 

definition of a purely singular � cannot in general be chosen to be a 

closed set, since S need not be nowhere dense. Consequently, there is 

no reasonable way of defining the set Z as a unique functional Z = Z(�) 

of an arbitrary purely singular distribution �- In fact, Z can be 

replaced by any set differing from Z by any enumerable set, since, � be

ing continuous, not only the Euclidean measure but also the jl-measure of 

every enumerable set is 0. 
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The other extreme case of a continuous distribution is represented 

by the case of absolute continuity. A distribution � is called absolutely 

continuous if �E = 0 holds for every Borel set E of Euclidean measure o. 

Since P is at most enumerable, the condition �p = 0, i.e. the continuity 

of �' is a necessary {but not, of course, a sufficient) condition for the 

absolute continuity of �· According to Lebesgue's form of the Fundamental 

Theorem of Calculus, a distribution � is absolutely continuous if and only 

if there exists on X a Baire ftmction f such that 

(6) �E = Jf(x) dx 
E 

holds for every Borel set E, where the integration refe rs to the Euclidean 

measure. The function f = f�{x) is called the density of 1.1. = J.tE; it is 

uniquely determined by the distribution if and only if x-sets of Eu-

clidean measure 0 are disregarded. In this sense, the vs.lidity of both 

(1) and (6) for every E implies that the density is a non-negative function 

of x on X. According to (3) and (6), this non-negative function has a 

finite integral, 5 f(x) dx = 1, over the line X. 

Let a distribution � be called pure if it is either absolutely 

continuous or, if it is not absolutely continuous, it is either purely 

singular or purely discontinuous. According to Lebesgue, every distribu-

tion J.t admits of a unique decomposition into pure terms, 

(7) �E F PI�I + PII,JII + PIII III 
E r· E � E' 

where E is an arbitrary Borel set, 
pi, PII, PIII are non-negative constants 

h . it 11 I II III d. . w ose sum J.S un y, r• ,� ,� are J.Stribut�ons belonging to the three 

pure types respectively, and all threeterms on the right of (7) are uni-
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quely determined by the given distribution � = �E· 

;. If � = 1-LE is any distribution on the line I, let �(x), where 

- oo< x < oo , denote the 1-1.-measure of the half-line E = Ex consisting 

of those points of X which are on the left of the point x. Then it is 

clear from (1), (2), (3) that �J.(x) is a monotone function satisfying 

(8) f.t(- oo) = 0, IJ.(oo) = 1 and !J.(x- 0) = IJ.(x) 

(the last relation, stating that �(x) is continuous from the left at 

every point x, follows from the fact that x itself was excluded from Ex). 

Conversely, if �(x), -OO< x <oo, is any given monotone function satis

fying (8), it is easily verified from the definition of arbitrary sets 

E contained in Borel's field, that there exists a unique set-function 

1J. = !!:£ satisfying (1), (2), (3) and attaining the value J.t(x) for every 

ha�f-line �. 

In view of this one-to-one correspondence, not only every function 

J.I.E satisfying (1), (2), (3) on Borel's field, but also every monotone 

function J.t(x) satisfying (8) on the x-line , will be called a distribution 

on X. Correspondingly, the Borel-Lebesgue integral with reference to the 

measure f.tE, as defined at the beginning of §3, is identical with the 

Borel-Stiel tjes integral with reference to the monotone function IJ.(x), 

00 

(9) [ f(x) dJ.I. = J f (x) d [.t(x), 
- c::oo 



11 

whenever f(x) is a Baire function for which either integral exists ( e.g., 

for which f (x) > -const. ) . 

It is clear that the value of the set-function �E for the Borel set 

E consi sting of the point x is �t(x + 0) - ��(x - 0). Hence, a point is not 

a continuity set of the s et-function �tE if and only if it is a discontinuity 

point of the point-function �(x). In particular, � is a continuous distri

bution in the sense of § 4 if and only if �(x) is continuous on X. 

For an arbitrary distribution, the function J.L(x), being non-decreas-

ing, has a finite, non-negative, derivative !J-1 (x) almost everywhere in 

Euclidean measure, and the integral J �· (x) dx over the line X has, by 

(8), a value not exceeding 1 (Lebesgue). In fact, J �· (x) dx is 1 if 

and only if the point-function �(x) is absolutely continuous on X. This 

will be the c ase if and only if the set-function corresponding to � is 

absolutely continuous in the sense of §4, in which case (8) h olds for the 

d ensity f = �· and for every Borel set E. 

It is easy to prove that, if � (l) 
E' � (2) E' • • •  and I!E are distribu

tions on X, then !! (n ) --+ � holds in the sense defined at the end of § 2 

if and only if the corresponding point-functions, � ( n) ( x) and � (x) , have 

the property that � ( n )(x) tends to the limit J.L(x) at every continuity 

point x of �· 
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Transform s  

6. Let y be a point of a line - co < y < oo • Then f( x) = eixy, 

being a bounded Baire function on the line - oo < x < 00, is a function 

for which the inte gral (9) exists. This integral, a function of y on the 

line - OQ < y < 00, will be called the transform of the distribution which 

is rep resented by 1.1. on the line - � < x < � • Thus 
(10) J.1.0{y) = J eixy dJ.I.(X); - 00 ( y ( 00, 

00 

( J = s ), 
- oo 

if JJ.0{y) denotes the transform of JJ.(x). It is clear from (1) and (3) that 

(ll) l �-t0(y) I� l; (12) J.1.0(o) = 1, 

and, from (12), that J (l - eixy) dJJ.(x) = 1 - JJ.0(y), hence 

(13) J (l - cos yx) dJJ.(x) =real part of l - JJ.0(y). 

It is also seen from (10) that 

(14) J.l.
o(y) J.l.o(-y) = IJJ.O(y)j2. 

Let e denote the distribution whose spectrum S consists of the single 

point x = 0, i.e., for which 

(15) e(x) = 0 if x < 0 and e ( x ) = l if x > 0; so that e0(y):= 1, 

by (10). The distribution e(x) will be called the unit distribution. 

If JJ.(x) is any distribution, and if c is a real number, let CJ.I.(x) 

denote the distribution, JJ.(X - c), which results if the origin of the 

x-axis is translated by c. Then it is seen from (10) that cJ.I.o(y) = eicyJ.1.0(y). 

In particular, from (15), 
(16) 

In contrast to the defin ition of the distribution cJ.I., let the 

distribution 1.1. be defined by changing the units along the x-axis, and, c 
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if c < o, by a subsequent transposition of the x-axis, as follows: For 

a given distribution �(x), let c�(x) denote the distribution �(x/c) or 

the unit distrlbution e(x) according as c > 0 or c = 0; while if c < 0, 
let �(x) denote the distribution which is equal to 1 - �(x/c) when x 

c 

is a continuity point of �t and, in accordance with (8), is continuous 
c 

from the left at every x. It is seen from (10) that the transform of the 

distribution 

(17) 
1-l. is given by 

c 
0 0 

cf.l. (y) = � (cy) 
in both cases c > O, c < 0 � and (15), when compared with (12), shows 

that (17) holds in the limiting case c = 0 also. 

c 
It is clear from the definition of the two linear sheaves, � 

a 
and c�' just defined for every distribution �' that the distribution b� 

b 
is not identical with the distribution � (not even in the case a =  b). 

a 
From the case c = -1 of (17) and from (14), 

(18) _1�t0(y) = �0(-y) = complex-conjugate of �0(y). 

Accordli1g to (16), the absolute value of the transform of every 

c 
translation, e, of the unit distribution is constant. It turns out 

that this is a characteristic property of the distributions ce. More 

than this will be proved by showing that a distribution � must be of the 

c 
form e, if �0(y} = �0(0) holds for a sequence of y-values which are 

not contained in an equidistant sequence, y = a + �k, (k = 0, ±1, ±2, ... ) . 

Hence, it is rnore than sufficient to show that, if there exists a single 

non-vanishing y, say y = y0, satisfying �0(y0) = �0(0) , then there 

exists a number � = x0(y0) such that the spectrum of �{x) is contained 
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in the periodic sequence x = x0 + 2uk/y0• According to (12) and (11), this 

means that the absolute value of a transform cannot attain its maximum at two 

points unless the distribution has a spectrum contained in a periodic sequence. 

In order to prove this, suppose that corresponding to � there exists 

a Yo i 0 satisfying / �0(y0)J = 1. Then (16) implies that, if� is replaced by 

a suitably translated distribution, c�, it can be ass��ed that �0(y0) = 1. 
But then (13) shows that, the function 1 - cos (xy0 ) of :x: being continuous 

and non-negative, 1 - cos ( xy0 ) = 1 must hold for every x contributing to the 

integral J (1 - cos xy0 ) d�t; cf. (1). This means that [.!. must be purely dis

continuous, with a. point spectrum contained in the sequence formed by the roots 

x of the equation 1 = cos ( xy
0 ) . This completes the proof of all the staterr.ents 

made above. 

7. It will now be shown that for the transformation (10) of a distribu-

tion �into [.!.0 the following uniqueness theorem holds: 

(19) 
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If (10) and {8) are applied to both monotone functi ons �1,�2, 
it is seen, by placing � = �l - �2, that (19) is equivalent to the fol

lowing statement: 

(19*) if }1 d�(x) I < r$1 and S eixy d�(x);: 0, then �(x - 0) = const. 

The proof of (19*) proceeds as follows: By assumption, �(x), 
- r::P< x <CI' , is a function of bounded variation satisfying J fd� = 0 for 

every function f(x) = eixy, where y is an arbitrary real constant. Hence, 

J fdt3 = 0 holds for any trigonometric polynomial f (x) = aeixy + beixz + 

and so, since J I d� I < -::P, for any function f(x) which is:uniform limit 

of such polynomials. It follows therefore from Weierstrass• approxima

tion theorem, that J fdB = 0 whenever f(x) is a continuous periodic 

function. It will nov.r be ShO\m that { !dp = 0 holds for t = fJ also, if 

fJ (x) denotes the function which is 1 or 0 according as x is or is not 

in J, where J is any bounded interval on the x-axis. This will com

plete the proof of (19*), since it is clear that f f
Jd� = 0 cannot hold 

for every J unless the function j3(x), which is of bounded variation, is 

constant on the set of its continuity points. 

Let J be fixed and let p be any positive number so large that the 

interval -p < x � p contains J. Let fJ
P

(x) denote the function which 

has the period 2p and attains, if -p < x � p, the value 1 or 0 according 

as xis or is not in J. Clearly, fJ
P 

can be represented as the limit 

of a uniformly bounded sequence of continuous functions each of which 

has the period 2p. Since S fdt3 = 0 holds for each of these approximat

ing functions, it follows from s I dt3 l < CP that f r J p d� = o. But 

. . . ' 
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p 
f J (x) � f J(x) as p ---7 � holds for every x. It follows therefore from 

S1 dl3 j <oP and I fJ
P j � 1 that 5 f,tif3 = 0. This completes the proof of 

(19*). 

This proof of (19) needs the assumption of (19) for - 00 < y <c::P • 

Actually, there does not exist any Const. < (:/) having the property that 

fA-l = �-A-2 is implied by the truth of jJ.l 0(y):: J.L2 °{y) for I y( < Const. In view 

of (17), it is sufficient to prove this negation for the case Canst . = 1, a 

case in which the truth of the negation follows by considering, for instan ce, 

the even functions g (y) and h(y) which are defined for - '\P< y <� as follows: 

The f'unction g(y) equals 1 - I y \ for -1 < y < 1 and has the period 2, while 

h(y) is g{y) or 0 according as -1 < y < 1 is or is not satisfied. Thus h ( y) = 

Max(O,l - 1 yl) for every y, and so a Fourier inversion (or an integration of 

Dirichlet 1 s factor of discontinuity) shows that h ( y) = S f{x) eixydx, where 

-oo< x <'\9 , is satisfied for -00< y <� by an elementary con tinuous func

tion f(x) which is nowhere negative. Since Jl f ( x) dx = 1 in view of h(O) = 1, 

it follows that (6) defines an absolutely continuous distribution. If the lat-

ter is called iJ.l, a comparison of (10) with the definition of f ( x) shows that 

l4l 0(y) = h ( y) for -00 < y < <:06 • Similarly, if the Fou rier constants of the 

function g(y) = g(y + 2) are evaluated, it is found that every ak is non-negative 

in the Fourier series g (y) = � ake
i�ky

, where k = 0, tl, • • •• Thus there exists 

a purely discontinuous distribution fA. by means of which g( y) is representable 

in 'the form (10) for - c.o  < y < 00 • If this J.L is called J.L2, then 

jJ.1° (y) = �2°(y) for -1 < y < 1, since h(y) = g(y) for -1 < y < 1. But 
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the distributions �l' �2 are not identical, since �l is continuous, while 

�2 is not. 

8. In view of this example, it is of interest that there exist 

certain parti cular distributions �i having the property that, if any 

distribution �2 sa tisfies the relation �1°(y) = �2°(y) for every y of 

sufficiently small absolute value, then �2 satisfies this relation for 

every y, and so �2 = �l· 

Such a distribution �l is, for instance, the unit distribution, e. 

This is implied by the results found at the end of § 6. S ince this 

property of e will become of fundamental importance, it is worthy of a 

more direct proof ( a proof which, incidentally, appears to be the old-

est of its type) . 

According to (15), the assertion to be proved is that, if �0(y) = 1 

holds in a vicinity of the point y = 0, then � = e. Hence, it is more 

than sufficient to prove that 

(20) if �0(y) = l + o (y2 ) as y � 0, then � = e. 

But (13) and the assumption of (20) imply that y-2 J (l - cos yx) d�-t--+ 0 

as y ---;. 0. 
1/y 

y-2 f -1/y 

It follows therefore from l - cos yx � 0 that, as y --+ +0, 
1/y 

(l - cos yx) d�-t ( x) = o( l ) ; hence J x2 d� { x ) = o(l), 

-1/y 
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. -2( ) s1nce a 1 - cos a > const. > 0 if 0 < ±a < 1. The second relation of 

the last formula line, when compared with (1) and (15), completes the 

proof of 1-l. = e. 

Two similar consequences of (13), to be used in the sequel, can 

be forrmlated as follows: If J.l. is any distribution, then 
r 

(21) -:?- r x2d�J.(x) < 3 f 1 - J.1.0(y) I for ' Yj < 1/r, 

-r 
where r > 0 is arbitrary, and, again for every r > 0, 

QP r 
(22) { S - S) dJ.I.(x) 

-cP -r 

1/r 
< 2r J } 1 - J.l. 0 (y) / dy. 

-1/r 

First, since the real part of a complex number z has an absolute 

value not greater than lz\, it is clear from (13) tl1at 
r CfJ r 

(23) S (1- cos yx) dJ.t(x) +(S-f> (1- cos yx) dJ.t(x} � )1- f.'0(y)/, 
-r - c;p -r 

where y and r (> 0) are arbitrary. Both terms on the left o� (23) are 

non-negative. If the second te1� on the left is omitted, (21) follows 

from (23) by observin g  tv�t a2 � 3(1 - cos a) for -1 � a � 1. If the 

first term on the left is omitted, (22) follows from (23) by integration 

over the interval -1/r < y < 1/r , since 

1/r 

s 
-1/r 

2 r x 
(1 -cos xy)dy =; (1-xsin ;> and 2(1 - sin 1) > !-

An obvious adaption of the proof of (20) shows that 

(24) if j-t0(y) = 1 + o(l) as y4 o, then J �dj-t(x) < oD. 
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In fact, it is clear that, if the a-assumption of (20) is replaced by 

the 0-assumption of (24), then the o(l) in the formula lLne following 

(20) can be replaced by 0(1); which proves that J x2dJ.�. (x) < CP • 

It should be mentioned that (24) becomes false if y2,x2 are re

placed by I Y/ , \ x I  respectively. In other words, [t x J d.!L (x) .� '00 is com

patible with J.1.0(y) = 1 + O(l Yl) as y -7 o. In fact, not even J-1.0 (y) = 

1 + o(/yf) as y---9 0 ensures thatjixr dp.(x) < Q=' .  

In order to prove this, let j-t(x) be the absolutely continuous 

distribution for which the density, J.l.'(x}, is 0 or const./(x2 log x) 
according as I x 1 < 2 or I xI > 2 (the numerical val.ue of const. > 0 is 

assigned by the condition f�-t'(x)dx = Jdj-t(x) = 1). Clearly, 

{1 xj d�t(x) = 00 in this case. On the other hand, from (12) and (10), 

0 
C]O 

1 - ll (y) 5 1 - cos yx 0 < = dx. 
const. 

2 x2 log x 

It follows that !J.0(y) is an even function and that, since 0 i 1 - cos a 

< Min(l, a2) for - C1:J < a. <CP, the difference 1 - j-t0(y) is majorized by 

a constant multiple of 

1/ (JO 

SY fx?- dx + ) 1 dx = io x2log x � log x 
2 1/y 

= 0(-y/log y) = o(y), as y--:r +0. 

1 1 1 -/log- + 0 y/logy y y 
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9. The uniqueness theorem, (19), states that the knowledge of the 

trru1sform, �0, of a distribution, �' is sufficient for the determination 

the of 1.1. itself. There arises " question as to the existence of a correspond-

ing completeness theorem; that is, of a theoren which assumes appropriate 

convergence properties of the transforms of a sequence of distributions, 

ru1d asserts that, if the transforms have these properties, the distribu

tions themselves must converge (in the sense defined at the end of � 2). 

It will now be shown that such a completeness theorem can be formulated 

as follows : If the transforms �1°,�J.2°, •• • of a sequence �1,�2,, • •  of 

distributions have the property that the:-e exists on the y=line a func-

tion ¢ = ¢(y) which is continuo·as at the point y = 0 and is such that 

�n °(y) -::tt ¢(y) as n ----"J 0" holds at every point y, then th_.e exists 

a distribution 1.1. satisfying IJ.n � � as n � CP ; moreover, the trans-

form of this t� is precisely the given lL11it function: 

(25) �
o (

y) = ¢(y). 

The proof of this completeness tl1eorem vr.ill require of the function 

¢(y) only the pro?erty that 

1/r 
(26) r J jl- ¢(y)ldy---? 0 as r-7\;P. 

-1/r 

Since !.ln°(y)� ¢(y) for every y, it is seen from the case� =  l-In of {10), 
( 11 ) and (12), that ¢{y) is a bounded, 1-measurable function satisfying 

¢(0) = 1, and so it is clear that the continuity of ¢(y) at y = 0 is 

sufficient for (26). Actually, it will tlL"'"Il out in § 10 that the milder 
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assumption, namely (26), implies the conti..11ui ty of ¢(y) at y = 0 and, 

for that matter, at every y. 

However, � restriction of the behavior of ¢(y) at y = 0 is cer-

tainly needed L� the completeness theorem. In other words, if it is only 

assumed that there exists a function .ifJ(y) satisfying 1-tn °(y) � ¢(y) for 

every y, then there need not exist a di stribution �  satisfyL�g �n�l�· 

�'1 example to this effect results by placing �n(x) = �1(x/n) and choosing 

fA-1 = �1(x) to be the absolutely continuous distribution for which the 

density �t1 1 (x) is 1 or 0 according as x is or is not in the interval 

0 < x < 1. Then it is clear that the lirni t of 1-tn (x) as n ___. 00 exists 

and is 0 for every x; so that, since the constant 0 is not a distribution, 

t::ere does not exist a distribution � satisfying f.ln � �· How8ver, 

�1°(y) = i(l- eiy)/y, by (10), and �n°(y) 0 
�l (ny) , by (17); so that, 

j_.f ¢(y) den otes the f1mction which is 1 or 0 according as y = 0 or y ;} 0, 

then f.ln°(y)--+ ¢(y) holds for every y. Correspondingly, (26) is violated. 

In orG.e::- to prove the corapleteness theorem formulated above, use 

will be made of Helly's selection theorem, according to which every uni-

formly bounded sequence of non-decreasiYJg fm1ctions contaiYJS a subsequence 

which converges to a non-decreasing function at ever-y continuity ;)obt of 

the latter. TI1us, if �1(x), �2(x), • • •  is any sequence of distributions, 

it contains a subsequence, say �(l)(x), �(2)(x), • • • , such that 1-t(n)(x) 

tends, as n � {;P , to �(x) for every x t:1at is not a discontinuity point 

of �' where Jl is a certain non-decreasing function. Clearly, �t can be 

normalized so that it becor�es continuous from the le:.'t at every x. How-

ever, the preceding example implies that �L will not in general be a dis-

tribution. 
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a. But it will now be shown that I! must beAdistribution whenever· the 
assumptions of the completeness theorem are satisfied. Since p.1,�l2, • • •  

are distributions, it will of course be sufficient to show that 

(27*) 
co r 

lim sup ( S - J) df..l. (x) � 0 as r ---.. oo • n � oo n 
-oo -r 

It follows therefore from (22) that it will be sufficient to show that 

(27) 
1/r 

lim suu r J I 1 - 1-t 0 ( y) J dy � 0 as r � oa . n .-.co· n 

-1/r 
To this end, choose a positive number e and determine, corres:Jonding to 

it, a positive q = qe satisfying 

l!:r 
r J 11 - cb( y) I dy < e for r > qe. 

-1/r 
The existence of such a qe is the assu.1nption (26). The other assumption is 

that 1-tn °(y) � ;i)(y) as n -4 oo holds for every y. According to Lebeseue's 

theorem on term-by-term integr.stion, this implies that, if r > 0 is arbitra-

rily fixed, 

lim n-too 

1/r 

r J J 1 - 1-tn o ( Y) I d Y = r 
-1/r 

1/r 

J 11 - ¢(y) I dy, 
-1/r 

since, in view of the case 1-t = 1-1·n of (10) and ( 11), the functions ��-n°(y) are 

L-integrable and uniformly bounded. Cleerly, the last two formula lines 

entail the trath of (27). 

This oroves thet the sequence �-t1,f..l-2, • • •  contains a subsequence �(l)' 

�t(2), • • •  for which there exists a distribution IJ· satisfying �L(n) � I-t• 

This in,�)liee', of course, that every subsecluence of �l'�t2, • • • cont�lins a 
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subsequence which converges to a. distl'ibutiol1. It v;ill nm-r be shown 

that, if a subsecJ.uence of �"-l'�t2, • • .  tends to a distribut5_on, t.."len the 

latte:: is independent of the choice of tl:e convergent subsequence. Ac-

cording to the principle of the excluded rr:id.d1e, t�nis will prove that 

the sequence ��l'k�2, • • • itself tends to a distribution. 

In order to prove that t-t is indel)endent of the subsequence whose liini t 
·� lL· is, let 1-L(l)'�'(:?)'••• be an:r subsequence of ��1,�·2,••• satisfying 

1-L(n)��� for a certe.in distribution �t. Then, :i.f (5) is applied to the 

, t t1 b ' l t• f t• .t:>( ' ixy sequence 1-L(l)' !J;(2), ••• ana o .1e ounc,ea con muou.s unc HE1 .L\XJ = e , 

where y is arb:i.tr·n.ril:r fixed, it follows fror:t the definition (10), that 
0 0 

�L (n) (y) � jJ. (y) holds for every y. 
0 

On the other hand, ��(n) (y) ---.cp(y) 

for every y,since, by assu;nption, !J.11 °(y)--7¢(y) for every y. Conse

quently, � satisfies (25) for every y. But the function ·¢(y) is independ-

ent of the choice of tl::te subsequence lh(l),f.!·(2),••• of 11-1,��2, • • •  , since 
0 

11-n (y)� ¢(y). It follows therefore fran (25) and. from the unicl_ueness 

theorem ( § 7), that fJ· is independent of the c:h.oice of the subsequence 

!-f.(l)'ll(2)'••• for which 1-L(n)� f-1.· 

This concludes the proof of the completeness theOl�er.:, for:-.:ulated 

before (2'5). 

10. It is eas�r to see that, lf J.l. a.."Jd �L1,��'), ••• aTe arbitrary dis-
c-

tributions, 



(28) 

24 

0 0 fkn � fL if' and only if fkn (y) � fL (y) for· every y. 

a much easier statement than the completeness theorem, since, 

in contrast to the latter·, the assertim of (28) does not conta.in an 

existence staterr;ent. Co:crespond:i.l1£;ly, (28) can be proved without having 

recom·se to (22). 

If fkn-+ 11-, then, if (5) is applied to the bounded, cmtinuous func

tion f(x) = eixy, where y is fixed, it is seen t:b..at one of the assertions 

of (28) is clear from the definition (10). In view of the completeness 

theDrem of .9 9, the remaining assertion of (28) wi)_l be proved if it is 

shown that the ftmction (25) is continuous at �-- = 0. In other words, 

it is sufficient to show U.tat the transform �-L0(y) of every distribution 

� is continuous at y = 0. 
0 Actually, the tra_1'lsform �L (y) of every !J· is continuous at ever·y y; 

llioreover, every [L0(y) is un:!.fornly continuous for - Qo < y < 00. 

In order to prove this, let f!0(y) denote , for every positive number 
r 

r, the contribution of the interval -r < x < r to the transforn (10); so 

that 

(29) 

-r 
Since the contribution of the intervc.l -r � x � r to J d�1, (x) = 1 tends to 

1 as r--7 '\JI', and since I eixyl = 1, it is clear that �L0(y) � f!0(y) as 
r 

holds tmiformly for - e»< y <o:>, and that it is sufficient 

to prove the uniforr.1 continuity of the function (29) for _l'jO< y <.-::1' , if 

r is fixecl. But, if y �:md h are arbitrary red.l numbers, (29) shQWS that 
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r r 
o o 

I tf. ixh I s · m  \f.t (y + h)r- f-l. (y)r· = e1xy(e - 1) d�t(x) ; ]e1Y -11 d!J,(x). 
-r -!' 

Since the last i11tegral is independent of y and tends, as h -7' 0, to 0 

for ever;r fixed r, the proof is cor:.1plete. 

It :r;:ay be mentioned that, if f.tn........:;.. 1.1., the transform 1-tn ° (y) must tend 

to the transform f.t0(y) rmifon� on every fixed b01mded �r..;.,inter·val. In 

fact, if��� f.t, it is clear froL the defhition of�� �t (cf. the end 

of § 2), that (27��) is satisfied. Hence it is clear from the definitions 

(29), (10), that it is sufficient to prove this: If �Ln--.;, Jl, then there 

exist certc.in arbitrarily large values of r such that � 0(;y) � �t0(y) 
r r 

a s n ----;. t:::P holds uniformly on every fixed botmded y- interval. 

It is easy to see that there exist arbitTIJ:rily large values of r 

possessing this property. In fact, a positive number r will have this 

property v;henever both x = r and x = -r are continuity points of the mono-

tone function !J,, that is, whenever the interval -r < x < r is a continuity 

fn ) set <f�, = �tE (cf. §2). Then (51), where�·' = !ln in the present nota-

tions, is applicable to the set E represented by the interval -r < x < r 

and to the function f(x) = eiyx,where y is arbitrary. This means, by (29), 

that the relation !ln ° ( y) r � !l 0 ( y) r holds for every fixed y. In order to 

prove that it holds uniformly on every fixed bouno.ed y-interva.l, it is 

sufficient to ascertain that the functions f.tl 0(y)r, 112 °(y)r, • • • , where r 

is fixed, are equicontinuous U.rzel'a) on every such :y-interval.; for in-

stance, that the functions f-''n °(y)
r of y jlave unifornly bounded derivatives. 

But (29) shor:s that these derivatives exist and have the absolute values 
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r r r 

I f ixeixy 
d�nH � s I xjdfi,(X)--t n xjtJ.t!(x), 

-r -r -r 

by (51). Since the last iDtegral is independent of y and n, the proof 

is complete. 

The above results, when combined with t.�e completeness theoren ( § 9), 

can be formulated as the following continuity theorem of the transform (10): 

For a given sequence of distributions �1,�2, ••• on the x-line, tl1ere exists 

a distribution �L satisfying �n---7' � if and only if the sequence of the 

transforms �0(y), �2°(y), 
• • • is unifor�ly convergent on every fixed 

bounded y-interva.l; in which case the function ¢{y) = lim � 0 (y) is pre-n 
cisely the transform �0(y) of the distribution � = lim �· 
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Moments 

11. For a non-negative integer k and for a distribution f.t, the k-'th 

moment cf � is defined to be the real number 

(30) (f.t)k = J xkdf.t(x), if Jlxlk d�(x) < OQ. 

If J )x lk d�t = oo, then (f.t)k is considered as undefined. Thus it is clear 

from (30) that the existen ce of the (k + l ) -th moment of �t is suffi cient for 

the existence of the k-th. It is also clear that the 0-th moment exists for 

every f.t, since (3) means that (�)0 = 1. 

Let �l and k be fixed. If Jl xt d�t < oo and m � k, then the integrel 

obtained by m-fold formal differentiation of (10) obviously is uniformly 

convercent for - oa < y < � • 

m m m m Hence, Dy f.t0(y), where Dy = d /dy , exists 

and is represented by 

(31) Dym�0(y) = m J ixy m 

J m i e x dlJ.(x), if l x l df.t <oo. 

In particular, from (30), 

(32) m o m I m 
Dyf.t (0) = i (�)k' if l x ( d!.t <oo. 

It is also clear from (31) that the k-th derivative of the transform is con-

tinuous for every y. In particuler, it is continuous at y = 0. It follows 

therefore from Taylor 1 s formula that 
k 

(33) o ' m m lk 
f-l. (y) = L i (�L)m y /m! + o( ly ) as y � o, 

m=O 

since the assumption of (32) is satisfied for every index m < k, if it is 

satisfied for m = k. 

Accordingly, if f.t has a k-th moment, then the transform of � behaves 

at v = 0 in such a way that there exist k + 1 constants c satisfving . m • 

k 
(33 I ) 

1-t
o

( y ) = L 
m=O 

m k cmy + o ( lyl ) as y----.., 0. 
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The conver se of this result does not hold. In fe. c t, if �t is the 

distribution considered at the end of � 8, then !-l-0(y) = 1 + o(lyl) but 

}1 xfd�t = oo; so that (331) is satisfied for k = 1 (by c0 = 1, c1 
= 0), 

al thouph (�)k = (�t)1 does not exist. 

12. The index k is odd in the counter-example just given. It turns 

out that the converse of the result of § 11 is true whenever the index k 

is even. In feet, not only (3.31), but also the weaker assunmtion which re-

places the a-remainder by the corresponding 0-remainder, implies the truth 

of the converse, if k is of the form 2n. In other words, the existence of 

(!-l-)2n is not only sufficient ( § 11), but is necessary as well, for the 

existence of constants em satisfying 

(34) 
2n-l 

!-l-0(y) = L em? + O(y
2n

) as y � 0. 
m=O 

In fact, it is useless to specify in (34) the term cmym 
of degree rn = k, 

where k = 2n, since this specification is canceled by the o(y2n) in (.34). 
Thus the a,ssertion to be proved contains, among other things, the curious 

st.::tement that the assumption of 2n constc:.nts sc.;tisfying (34) necessi te.tes 

the existence of a (2n + 1 ) -st constant satisfying (33 1 ) for k = 2n. 
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If n = 0, the assertion to be proved is trivial, since Ct-t)0 = 1 

for every fA.• Hence, it is sufficient to show that, if the assertion is 

true for every index less than n, then it is true for n also. To this end, 

suppose that a j.J. satisfies (34) for a given n. Then (34) is of course 

satisfied if n is replaced by n - 1. Since the assertion is suppo.sed to 

be true for the index n, it follows that (j.J.)2n_2 exists. 

According to § 11, this implies that (33) holds for k = 2n - 2. It 

follows therefore from a comparison with (34), that em = im(!J.)m/m! if 

m < 2n - 1, where (i.J.)m = J xm
dj.J., by (JO). Consequently, (34) can be 

written in the form 
2n-2 

o 
' f 

m 2n-l 2n 
j.J. (y) = � (ixy) /m! dj.J. + c2n-lY + O(y ) . 

m=O 
Hence, if the real parts are taken on both sides, (10) shows that 

n-1 Jcos yx dj.J. = � J (-1)
k

(xy)
2k/(2k)! dj.J. + ay

2n-1 
+ O(y2n), 

k=O 
where a =  a2n_1 denotes the real part of c2n_1• Thus 

+ O ( y
2n ) as y�O, if gn( cx ) is an abbreviation for 

n-1 

f gn ( xy) dj.J. = ay
2n-1 

(35) gn(a) = cos a - 2 (-l)k a2kj(2k)! 
k=O 

According to a standard property of the partial sums of the infinite 

series cos ex = � (-l)
k

a2k
/(2k)!, the function (35) does not change its 

sign for -co < a < OC) • Hence, the function J gn (xy) dj.J. of y cannot change 

its sign. O n  the other hand, this function of y was just shown to be of 
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2n-l 2ri the form ay + O(y ) , as y -} 0, and must therefore change its sign 

unless a = O. Consequently, Jf gn(xy) d� = O(y
2n), and so, since �(a) 

does not change its sign, jlgn(xy)jd� = O(y2
n ) . Since this integral 

extends over the whole x-line, it follows that 

b/y 
-2n J Y I gn (xy) I d�(x) = 0(1) as y � +0, 

-b/y 

where b is arbitrary. But 1.t is clear from (35) that there exists for 

every sufficiently small b = b(n) > 0 a positive constant satisfying 

gn(a) > const. a2n for -b < a < b. Consequently, as y � +0, 

-2n 
y 

b/y 

f 
-b/y 

2n 
const. (xy) �(x) = 0(1), 

b/y 

i.e., J 2n x d�-t(x) = 

-b/y 

0(1). 

Since b/y ---+ OC) as y � +0, the last relation completes the proof 

for the existence of (�-t)2 n. 

13. It is clear that 

(36) Jlxld��(x) < co implies J lx + c I df!(x) < oo 

for every real number c. This means that. if c�(x) denotes , as before (16), 

the translate d distribution f.t(X - c), then the existence of the first 
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moment of � = 0� implies that the first moment of c� exists for every c 

and that 

(37) (c
�)l = (�)1 + c. 

In fact, (37) follows from (30), since (�)0 = 1. 
If (�)1 exists, let�· denote the distribution c � obtained from � 

by the translation c = (�)1; so that 

(38) �·(x) = �(x- (�)1), i.e., c�
·

)l = o, 
by (37). A distribution will be called "centered" if it has a vanishing 

first moment, i.e., if it is a distribution�·. A distribution� can be 

made centered only if it has a first moment, since otherwise the distri-

bution �· is undefined. 

1�. Tne rule (37) states that, if (�)1 exists, any translation of the 

x-axis subjects the value of (�)1 to the same translation. This rule 

would not have been true if, in contrast to the agreement made after (30), 

the first moment (�)1 would have been considered as defined whenever 

J x �(x) exists as a principal value, i.e., whenever the contribution of 

the symmetric interval -r i x i r to J x d� (x) tends to a limit as r � «> • 

In fact, the violation of the identity (37) in case of such principal inte-

grals is illustrated by the absolutely continuous distribution having the 
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even density �t' (x) == canst. (1 + x2) -l. 
Carre spondingly, this I'·, though 

sy:mnetric, is not centered, since (�t) 1 does not exist. 

15. Suppose that i·t hP.S a second moment (p.)2 = ) x2df_t < oo • Then 

obviouslyfx + c)2 d�t < cY' for every c. This :meo.ns that c:.t(x) = �t(x - c ) 
has a second moment, and therefore certainly a first moment. Thus, from 

(30 ) ' 

(39) (c
� ) 2 = (�) + 2c(�)l + c2, - 2 

since (!J.) 0 1. In particular, fro;:1 (.38) and (.39), 

Clearly, the non-negative integral (4·J) is 0 if and only if x F (f.t.)1 
is the on�y point of increase of the non-decreasiilg function i.t(x), i.e., if 

c 
and only if p. is a translation e of the unit distribution e. It follows 

therefore from (40) that c�·) 
c 2 > 0 or (� ·).., = 0 accordi.11g as �t is o:c· is 

,_ 

not a distribution e , i.e., accordi.'1g as �· is or is not the distribution e .  

In view of the remarks made with regr:.rd to (.37) , the proviso of the 

definition (.30) cannot reasonably be disposed of, if k is odd. But if k 

is even, it will fro+mY on be coJlvenient to cancel the ag-i'eement :;1acle 

after (.30), i.e. to use the noto..tion (�t)2 = S x 2n dj.t whether (�)2 < Oo .n .n 
or (p.)2n = OD • 

If this understanding is applied to the case 2n = 2, it is possible 

to define the 11standawl deviation" of an arbitra:cy distl�j_but".on y,, i:l.S fol-

lows: The sta'1c1ard deviation, to be de11oted by [�t] , is non-negative and 
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its square (the "va1·ia,.1ce" of �L) is given by 

(41) 2 f ()c) if (!J.) 2 = (/' , 
[�J = 

-

(�)2 - (�)12 = (�")2 if (�)2 < �· ) 

cf. (40). In particular, [fl] = 0 if and only if �L = ce, i.e., �t = e . 

16. Let !·t be a distribution possessing finite moments (�)k of every 

Lidex k or, what is the Sar:J.e t!.ling, of every even index k. Accordir1g to 

g 12, this will be the case if and only if (33) holds for every even k, 

and therefore for every k; so that (32) and (31) are valid for every k 

and for every real y. Accordingly, all moments of a distr-tbutio� �L(x) 
exist if and only if its transfor1:1 �0(y) has a Taylor series 

c::p � � k k < (L�2) L. Dy �t0(0) Y /kt:= L- ik(�t)1,Y
k/k!, cf. (32), 

k=O k=O � 

where it is understood that this power series can diverge for every y f 0. 

It will now be shovm that, if the Taylor series (/�2) happens to con-

verge for so:r:1e y f 0, and therefore on sor::.e interval, say on -q < y < q, then 

the sum of (!+2) must be the function �0(y) for every y on this interval. In 
'"' other 'fJOrds, the behavior eY.hibited by the Taylor series, 0 + Oy + or + • • •  ' 

of the function f(y) = ex:p( -l/y2) can:;-Jot occur for flmctions which are 

transforms f(y) = �L0(y) of distributions 1-L(x). 

...... 
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In order to prove this, let f(y) be a function possessing deriva-

tives of arbitrarily high order on an li1terval -q < y < q, and let p be 

any positive number less than q. T'nen it is lmown that the Taylor series 

< k k ( � D f(O)y /kl converges to f y) on the interval -q < y < q if and only y 
if, for every fixed p less than q, the maximum of the absolute value of 

Dy kf(y) on the interval -p � y � p is O{lcl/p k) as k---=? (:P. In the 

present case, where f(y) = [L0(y), this condition can, by (31), be w�dtten 

in the form 

(43) Max\ feiX'J x kd��(x) \ = O(k!/p k) as k � � , whe::-e\y\ � p < q. 

Clearly, the expression on t�e left of (43) cannot exceed S t xl k d�� for 

a.'1y k, an:::1, according to (32), iS identical wi.th r X k d[J. for every even 
k. On the other hand, it is easily verified from Schwarz's inequality 

and from Stirling's formula, that the estimate 

(44) 
( k 1 

J \ x \ d[J. = O(kl/p K) as k � ():' , ( p < q), 
must hold for every p, if it holds for ever:! p when k is testricted to be 

even. But (30) shows that (41+) ca.'1 then be written in the form 

(45) (p < q). 

Consequently, either all or none of the three conditions (43), (M+), (45) 
are satisfied for eve1� p. 

In particular, (43) is equivalent to (45). Hence, the series (42) 
t t' 

. 0( converges o ae sum ;.L y) on the interval -q < y < q if and only if (/+5) 
is s:::�tisfied for every p. Conseq'J.entl3r, all thE' .. t rerJa.ins to be ascertained 

is that the mere co:wergence of (42) on the interval -q < y < q necessitates 

the estj.Jr:.3.te (45) for every p. But this :i_s obvio:.w, since the convergence 
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of the series (42) on the inte:cval -q < y < q implies that the terms of 

the series form a bounded sequence of numbers for every y contained in 

the interval, and therefore for every p. 

17. Suppose that (42) converges for sone y I o, say for -q < y < q. 

Then tl1e result of ! 16 can be formulated as follows: Let w be a COlllplex 

VH.riable, and .Let y and v denote its real and imaginary parts respectively. 

Then there exists in the circle \w\ < q a regular function, say �0(w), 
whicl1 becomes identical with the transform (10) on tl1e real :iiameter of 

the circle. 

It will now be shmm t�at the function �0(w) thus defined in t.ile 

circle I w \ < q always adnits of an analytic continuation which is regular 

in the whole strip \vI < q about the y-axis, and that, in addition, �0(w) 
is a bounded function on every narTower strip, l v I < p. 

First, it is see:n from (!.t.)') = .... n 
r 2n t .L . ,.,  J X <4� ha�.,, 1: 

and the positive numbe:c p are e,rbitrs.ry, then 
t::P 

(1�6) �J(xlk 
k=O 

k f d:.t (x) p /�::l = exp (p( xj) d�t (x), 

the distribution � 

where it is understood thc-.t either side can be OC • Sup:pose that 1-t is 

such n.s to :r:-,ake the integral (46) finit·:;; for a certe.in p. Then it is clear 

tha.t t�1.e i:.1tegr;::.l which results by writing w = y + iv in place of y in (10) 
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is uniformly convergent and bounded on the strip l v l < p. Hence, it i s  

sufficient t o  ascertain that the expression (46) is finite for every 

p < q, if (42) converges for -q < y < q. But it was shown in § 16 the:t 

(42) converges for -q < y < q if and only if (44) holds for every p < q. 

Since this clearly is the case if and only if the series (46) converges for 

every p < q, the proof is complete. 

It follows, in particular, that a transform �0( y) must be regular-

analytic on the whole line - 00 < y <co whenever it is regular-analytic 

o n  some interval -q < y < q. This obviously implies that, if two trans

for�s, say �1°(y) and �2°(y), are identical on an interval -q < y < q on 
which �l 0(y) is regular-analytic, then they must be identical for - ao < y < OQ ; 

which means, by (19), that �l = I-L2• This criterion contains a substantial 

generalization of the fact deduced in § 8 from ( 20), namely of the fact 

that � = e if �0(y) is constant on some interval -q < y < q. 

18. The above results have a certain, somewhat loose,connection with 

Stiel tjes' problem of determinateness, and lead to the following sufficient 

condition for uniqueness: 

(47) 2n-th root of (�)2n < canst. n. 

(A somewhat sharyer sufficient condition, namely 

(471) 
QO 

� -1 
'-. 2n-th root of (�) 2n = oo, 

n=O 
is supplied b�r the theory of quasi-analytic functions ) . 

Stiel tjes found that there exist sequences of numbers which are moment 

sequences of several distributions. In other words, there exist pairs �1,�2 

of distributions for which (�1)k and (f.42)k exist for every k and (�1)k = (�t2)k 
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holds for every k, although f-tl "f f-t2• Let a distribution f.t be called of the 

determined type if (�.t)k exists for every k and if !..i. = A. follows for every 

distribution A. for which (t..)k exists and equals (�)k for every k. A necessary 

and sufficient condition in order that a given f.t be of the determined t:yne 

results fro� the Syectral theory of the infinite �atrices of the continued 

fractions a sso c iHted with the Stieltjes tr�msform. J<x- z)-1 d�Ao(x). However, 

this criterion is all too implicit to be "applicable" in general. 

In order to Drove that (47) is sufficient for a ft of the determined 

type, suppose that (!ll)k end (!l2)k exist and A.re equal for every k, and let 

(f.t)k denote their common value. It is clear frorr. Stirling's formula that (47) 
is equivalent to the existence of a positive number p (or q) saU sfying (45). 
According to 9 16, this will be the case if and only if there exists a q such 

that the two power series (42) belonging to 1-1- = 1-tl and 1-1- = 1-1-2 converge for -q 

< y < q to t-t1°(y) and to 1-1-2°(y) respectively. But these two power series are 

identical, since (!ll)k = (f.t2)k for every k. Hence, Ill = 1-1-2 follows from the 

criterion pointed out at the end of 9 17. 

If the regular-analyticity of fA.0(y) near y = 0 is replaced by its 

quasi-analyticity near y = 0, the generalization (471) of (47) follows by 

repeating, word by word, the above proof of the criterion (47). 
Incidentally, no explicit examples of distributions fJ. appear to be 

given in the li te rature which would prove that (47), (471) and a necessary 

and sufficient criterion for a distribution of the determined type are 

actually distinct. 
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Convolutions 

19. For any pair �1 = �1(x), � = �2(x) of distri�Jtions, let 

�1�2 = �1�2(x) denote denote the function 

(48) �1 * �(x) = f � df-Ll (�} df-L2 (u} 
v+u<x 

( so that �1 * �2 (x) = �2 * �1(x), since (4S) is symmetric) . Since 

J dt11 (v) = f df1r (v) = I'J. (t - 0) - I'J. (- 00) = 1!]. (t - O), 
v<t -'::P � 

it follows, by placing t = x - u and J = f , that 
-t::P 

(48') J {J df,L1(v)} dJ.L2(u) = f �(x -u- 0) �(u). 
v<x-u. 

But the repeated integral on the left of (48') is identical with the 

double integral (48). Moreover, �1(x- u - 0) on the right of (48') can 

be replaced by �l (x - u) ; cf. (8). Consequently, 

(49) I-Ll * �(x) = f �l (x - u) df,L2(u). 

Since � = � and � = �2 are non-decreasing functions satisfying 

(8), it is easily seen from (48) that J.L = �l * �2 is a non-decreasing func
tion satisfying (8). Thus (49) defines a distribution �l * �2 for every 
pair of distributions �1' J.L2• 

The distribution �1 * J.L2 is called the convolution of �l and 1!2• 
It is characterized by the property that, if f(x) is any Baire f'tmction 

which is either bounded or non-negative, then 

(the double integral on the left extends over the whole (u,v) -plane ) . In 

fact, (50) follows from (48) by applying Fubini1s theorem onthe product 
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space of the lines - CP < v (0' , - QP < u < t:P which carry the respective 

measures �L1,�-�.2• Actually, Fubini1s theorem was used even in the transi-

tion from (4S) to (481). Correspondingly, (50) becomes identical with 

(48} if f (v + u) is chosen to be 1 or 0 according as v + u is or is not 

less than x. 

Since S �(u) = l, the integral (49) can be thought of as mu1-

tipliec1 by 1/ [ d!-!.2(u). The11 (49) means that the distribution 1-1.1 * �-t2 is 

the average, with reference to the weight function �-t2, of all translated 

distributions u�-�.1(x) = �-t1(x - u) belonging to a given distributlon �-t1(x). 

This interpretation of the convolution of 1-1.1 and �-t2 seems to 

be unsymmetric but is not; in fact, as poblted out after (4S), 

(51) 1-1.1 * l-l2 = l-l2 * i-1.1. 

In addition, if J.ll, �-t2, 1-1.3 are three distributions, then �l * �2 * �-t3 is 

a unique distribution, since 

(52) (�1 * J.l2) * 1-1.3 = i-1.1 * (j.t2 * 1-1.3). 
In fact, if v + u and 5 � dj.tl(v) d!-!.2(u} in (4S) are replaced by v + u + t 

and S S} d�t1 (v) dj.t2(u) d!-!.3 {t) respectively, the associative law {51) fol

lows for reasons of symmetry. Another proof of (51) and (52) is contained 

in (53) below. 



20. If (50) is applied to the bounded continuous function 

f(x) = eix.Y, where y is fixed, (10) shows that (50) becomes 

0 0 0 
(5.3) 1-11 (y} 1-12 (y) = (j.ll * 1-12) (y). 

Thus the product of the transforms of two distributions is again a trans-

form, namely that of the convolution. 

For instance, (14) and (18) imply that 

<54> I 1-1 o c y > 12 = c 1-1 * 1-1 > o < y > 
-1 

for every j.l. Similarly, from (16), 
c 0 c 0 c c 

(55) 1-1 = ( e * !J.) , i.e. 1-1 = e * j.l, 

by (19). This means that the operation of translating 1.1. = J.t(x) into 

cj.l(x) = j.l{x - c) is equivalent to the operation of convo�ing 1-1 = j.l(x) 

with the translated mited. distribution 
c

e(x) = e(x - c); a fact which 

is clear from (49) also. 

If 1-1n and Xn, where n = 1,2, ••• , are two convergent sequences of 

distributions, then 

(56) 1-1n * An� j.1 * X, if j.ln_. Jl and A.
n

� X. 
In fact, (56) follows by applying (5.3) to both 1-11 * j.12 = 1-1n *An and 

j.ll * J.1.2 = j.1 * A., if the resulting identities are combined with the facts 

which result when (28) is applied to all three sequences �' \t' !Jon * A.n• 

More recondite than the "multiplication rule" (56) is the "division 

rule", according to which 

where e denotes the unit distribution. 
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First, (�n * "-n)0(y) = �0 (y) �0(y), by (5.3). It follows there-

torr: from (28) that, in virtue of the assumptions of (57), both limit rela

tions �n
°(y)� ��y), �n°(y) "-n°(y)� �y) hold for every y. Consequently, 

0 0 0 "-n (y) -r 1 holds for every y satisfying � (y) f. 0. But �n (y) "f 0 is 

certainly satisfied for every y contained in a sufficiently small interval 

-q < y < q, since, on the one hand, it was shown after (29) that every �0(y) 

is a contL1uous function and, on the other hand, �0(0) "f o, by (12). Conse-
o < 0 quently, An (y) � 1 for -q y < q. It will now be shown that An (y) -..+ 1 

cannot hold for -q < y < q unless it holds for - � < y <� • If this is 

shown, then the assertion of (57) follows from (2S), since 1 = e0(y), by 

(15). 

21. The proof will be such as to apply not only to the distribu-

tion e but to any distribution, say A., which has the property that every 

transform identical with the transform A. 0 (y) on an interval -q < y < q is 

identical with A. 0 (y) for - QJ < y <!? • It was shown at the beginning of § S 

that e is such a A., and it turned out at the end of g 17 that such a A. re

sults as soon as A.0(y) is assumed to be regular-analytic at y = 0. 

In order to facilitate references to preceding sections, let the 

notations "-n,A. be changed to �'� respectively. Then the assertion is that, 

if� and� are distributions satisfying �0(y)� �0(y) for -q < y < q, 
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and if � has the particular property that a transform cannot be identical 

with j.L0(y) for� < y < q unless it is identical with j.L0(y) for - o:r< y <CP 

then 11n ° (y)---?- J.t0(y) must hold for - � < y <� (which means, by (2S), that 

1-tn ___,.11 ) • 

The proof consists of an adaptation of the proof used in § 9. In 

order to see this, apply Helly's selection theorem in the same way as be

fore (27*). In other words, choose from the sequence of the distributions 

111'�2t••· a subsequence f.t(l)' 11(2),••• which converges to a non-decreasing 

bounded function at every continuity point of the latter, and normalize this 

limit function so as to become continuous from the left at every x. Le�the 

limit function thus normalized be d enoted by lim 11(n)• For the present, it 

is undecided whether or not the total variation of lim 11(n) is 1, i.e., 

whether or not lim 11(n) is a distribution. 

In § 9, the proof that lim f.t(n) is a distribution was based on 
(27), and the assumption was that J.tn °(y)� �-t0(y) for - � < y ('\)D • How

ever, since 1/r � 0 in (27), this part of the proof remains valid under 
0 0 the pres ent assumption, according to which� (y)� 11 (y), instead of be-

ing valid for - o- < y (<()�', is known to hold only on some interval � < y < q. 

tn other words, it follows in the same way as in §. 9, that lim 11(n) is a 

distribution. 

This means that 11(n)� lim 1-L(n) holds in the sense defined at the 

end of f 2. Hence, if f(x), 11 (n), J.t in (5) are replaced by eixy", j.L(n), 
0 0 lim �(n) respectively, it follows from (10) that 1-L(n) (y)� (lim 11(n) (y) 

for - 011 < y < (p. On the other hand, if -q < y < q, then, by assumption, 
0 0 0 0 11n (y)�l1 (y), and therefore 11(n) (y)�J.t (y), the sequence J.t(l)'f.t(2), ••• 
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0 0 being a subsequence of �1,�2,••• • Consequently, lim �(n) (y) = � (y\ 

holds for -q < y < q. But this implies, by t.'-le particular property 

0 0 
assumed for� (y) , that lim �n = �· 

Accordingly, the relation �(n) �lim �{n) can be written in the 

form �(n) .-:,. �· Since � is given with the sequence �1,�2, ••• and is there

fore independent of the choice of the subsequence �(l)'�(2),•••' it follows, 

as in § 9, from the principle of the excluded middle, that the proof of 

�n---. � is complete. 

22. From here on to (62) below, let f(x), where -coo< x <OO, 
not 

denote a Baire function which is non-negative, even, and aoes�decrease 

as \x\ increases, i.e., which for every x and for every r > 0 satisfies 

the following condi tiona: 

(58) f (x) = jf(x)\ = f(lx\) � f(\xl + r). 

There will be needed two sufficient criteria, to be expressed 

in terms of additional restrictions on f(x). The first of these criteria 

will ensure that 

(59) r f (x) d� (x) < 00 

holds for both � = �l and � = � whenever it holds for � = �l * �2, while 

the second will ensure the converse. It turns out that 

(6o) f(x + u) = O (f (x) )  as x --:, <:P for every fixed u 

and 
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(61) f(x + u) = O(f(x) + f(u)) as x + u ---� � 

are sufficient criteria of the first and of ti1e second kind respectively. 

In oth_. words, (58) and (6o) ensure that (59) holds for both 

� = �l and � = �2 whenever (59) holds for � = � * �2, while (58) and (61) 

ensure that (59) holds for �t = �l * J.t2 whenever (59) holds for both J-L = f.l.l 

and � = f.l-2• Tne proofs will depend on the fact that,f(x) being a non-negative 

Bair e function,(50) is true whether (59) does or does not hol d for� = f.l.I * �2 

(in fact, (50) resulted by a mere application of Fubini's theorem, and is 

therefore valid even if either side of (50) becomes � for a non-negative f). 

In order to prove the first of the criteria stated, suppose that 

f satisfies (58) and (6o), and that (59) holds for a given � = �l * �2• 

The latter assumption mea�s that the integral on the right of (50) is finite. 

Hence, if the double integral on the left of (50) is thought of as a repeated 

integral, it follows from f 2 0 that the interior integral on the 

left of (50) must be finite for at least one u. In other words, there must 

exist a real number c satisfying J f(x + c) df.l.1 (x) < Qc:J • But then the 

identities (58) and the inequality (58), when caobined with the estimate 

(6o), imply that (59) holds for �t = �1• In view of (51), this completes 

the proof of the first criterion. 

In order to prove the second criterion, suppose that f satisfies 

(58) and (61). Then the integral on the left of (50) cannot exceed a con

stant multiple J J (f (v ) + f(u)}df.1.1(v) �(u). But, since � dJ,L1(v) = 1 

and J �2 (u) = 1, this double integral is identical with the sum of the two 

simple integrals represented by the cases � = �l and � = �2 of the integral 

on the left of (59). Hence,if (59) holds for both�= �l and�= �2, then 
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the integr�l on the left of (50) is finite. Since the integral on the 

right of (50) is identical with the case � = �l * �2 of the integral on 

the left of (59), the proof of the second criterion is complete. 

23. As an application, let f(x) = I x(k , where k > 0. Then 

(58) and (60) are satisfied. In addition, (61) is satisfied, since 
k k k lx + u\ < l2xj + l2ul • Consequently, both criteria are applicable. 

Accordingly, Slxlk �(x) < 00 holds for I! = �-�o1 * 1-'2 if and only if it 

/holds for both 1-1- = �l and � = � ,where k is any positive constant . If k 
is an integer, it follows that I-ll * �2 has a finite k-th mosent if and 

only if both IJ·l and � possess finite k-th moments; in which case ap

plication of (32) to all three distributions gives 

(62) (ftl * !':!\ = i ( : )<f'l)m(i'z)k-m; 
m=O 

if the product (53) is differentiated k times. 

(�) = 1, 
0 

For instance, (�tl * �2)1 exists if and only if both (��)1 and 

(�2)1 exist; in which case (62) gives 

(63) (�1 * �-'2)1 = (�1)1 + (1-'2)1 

and implies therefore, by (38), that 

(64) (��1 * �-'2). = (1-'1). * (�2). 
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Similarly, (�1 * �2)2 is finite if and only if both (�1)2 and (�2)2 are 

finite; in which case (62) shows that 

( 65) 

and so, in particular 

( 66) 

in virtue of (64) and (68). In the contrary case, the first line of the 

definition (41) gives 

(67) 

since then both s ides of ( 67) are¢" • It follows therefore fr.om ( 66) and from 

the second line of the definition (41), that the standard deviations satisfy (67) 

for anl pair of distributions �1,�2· 

It is clear from the proof given in § 22 for the sufficiency of condition 

(61) that (61) can be replaced by 

(6. bis) f(x + u) = O(f(x) f (u) ) as x + u � 00• 

Obviously, this condition and both (58) and (6o) are satisfied if f(x) = exp px, 

where p is a positive constant. Consequently, the integral (46) is finite for 

� = �l * �2 if and only if it is finite for both � = �l and � = �2• But it was 

shown in § 17 that the integral (46) is finite for every p < q if and only if 

the transform �0(y) is regular-analytic for -q < y < q; in which case the trans

form admits of a regular analytic continuation �o(y + iv) into the strip l vi < q. 

Accordingly, this will be the case for the transform of �l * �2 and for a given 

q if and only if it is the case for the transforms of both �l and �2 and for 

the sarne q. The "only if'' part of this fact is by no means obvious from (53). 
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24. If A and B are two (not necessarily disjoint) sets on the 

x-ax:ts, let their "vectorial sum", A (+) B, be defined as the set of those 

numbers x which are representable in at least one manner as x = a + b, 

where a and bare restricted to be in A and in B,respectively. !tis 

understood that 

(6S) A (+) B is vacuous if either A or B is. 

If both A and B are single points, a and b, then the vectorial addition, 

a (+) b, is equivalent to the ordinary addition, a+ b. If B is a single 

point, b, then A (+) b is the set obtained from the set A by the transla

tion b. Generally, 

(69) A (+) B = B (+) A. 

If C is a third set, the set A (�) B (+ ) C is unique, i.e., 

(70) (A (+) B) (+) C =A (+) (B (+) C). 

If both sets A,B are closed, the set A (+) B need not be closed. 

-1 In fact, if A and B consist of the points a = n and b = n - n respectively, 

where n = 1,2, ••• , then A and B are closed but A (+) B contains the points 

� 4 -
n without containing the point 0 = lim n • However, it is rea:P.ily shown 

that, if A and B are closed, then A (+) B must be closed as soon as either 

A or B is bounded. 

It is easy to see that, if S = S(l-!-) denotes, as at the beginning 

of § 4, the spectrum of a distribution i-�-1 then 

(71) S{l-!-1 * �2) = closure of S{�1) {+) S(�2), 
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and that the corresponding rule for point spectra is 

(72 ) P(�l * �) = P(�1) (+) P(�2). 

In fact, (71) and (72) follow directly from (48) and from the definitions 

or S(�) and P(�) in §4, if the set-functions � = �� used in § 4, are re

placed by the corresponding point-fUnctions � = �(x) , defined in §5. 

( The discrepancy between (71) and (72) is due, of course, to the fact 

that S(�) always is, while P(�) need not be, a closed set; cf. § 4). 

In addition, 

(73) lim S(JJ.n) contains S(!J.), if 1-tn� I-t• 

Here lim � can be defined, for a given sequence of sets A1,�, ••• , to be 

the set of those points x for which Bn� x as n� oo holds for suitable 

points a1 = a1 {x) , � = a2 (x) , ••• of A1,�, ••• respectively. Thus lim An 

always exists {but can be vacuous even if none of the An is). With this 

definition of lim �, the truth or (73) is clear from the definitions or 

the symbols S(�) and �-to� J.t, introduced at the beginning of §4 and at 

the end of § 2 respectively. 

Trivial examples show that the converse of (73) is false, i.e., 

that � � J.t does not imply the relation lim S(Jln) = S(!J.); and that nothing 

can be said if S is replaced by P (in fact, neither of the sets lim P(!Jn), 

P(lim �-to), where J.1n --T p. ., need be vacuous when the other set is 

vacuous) . 
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25. For a given distribution 1.1. on the line -QO < x < oo and for 

every positive number s, let d = d(s) denote the least upper bound of 

I!J.(x') - �(x")l when lx1 - x"l < s. Thus d(s) is a non-decreasing function 

satisfying d(oo) = 1 and d(+O). � o, where the sign of equality, i.e. d� 0 

as s � 0, holds if and only if the distribution 1.1. is continuous ( in fact, 

since !J.(-<:O) = 0 and !J.(oo) = 1, it is clear that !J.(x) ce.nnot be continuous 

for every x unless it is uniformly continuous for -co < x < oo ) • Incident-

ally, it is easily seen that, whether 1.1. is continuous or not, d(s + t) can-

not exceed d(s ) + d(t), where s > 0 and t > 0 are arbitrary. 

Since I x' - x" I = f ( x1 - u) - (x" - u) I for every u, it is clear that 

lf.J.(X1 -u) - �L(x" - u)l < d(s) whenever /x1- x"l < s. Hence it is seen 

from (49) that, if 1.1.1 = !J., 1.1.2 = A., then the difference 

ht * A.(x') - f.l * A.(x") I � Jh.t.(x' - u) - !J.(x" - u) I dA.(u), where J dA.(u) = l, 

cannot exceed d(s). In other words, if d12(s). d1(s), d2(s) denote the 

functions d( s) belonging to �L = !J.l * !J.2, �1, 1.1.2 res�Jectively, then, for every 

s > o, 

(74) d12(s) � d1 (s), and so d12(s) < d2(s), 

by (51). This implies that d12(+0) cannot exceed the smaller of the numbers 

dl(+O), d2(+0). This means that the greatest sa1tus of f.l1 * !J.2 cannot exceed 

the greatest saltus of 1.1.1 or that of 1.1.2, where it is understood that the 

greatest sal tus of !J.(x) is the maximum of �-�o(x + 0) - u(x - 0) for - co < x < oo 

and can, therefore, be 0. For the latter case, (72) supplies the following 

refinement of what thus follows from (74): 



52 

(75) The distribution �l * �2 is continuous if and only if at least one 

of the two distributions �l' �2 is. 

In fact, (75) follows from (72) and (68), since, according to § 9, 

the point spectrum P{�) is vacuous if and only if the distribution � is 

continuous. 

The inequalities (74) represent just one manifestation of a fairly 

general, though somewhat vague, principle, according to which the function 

�1 * 1-'2 is at least as "smooth" as the "smoother" of the two functions tll' 

j-'2• Other illustrations of this principle will be seen below. Still another 

manifestation of it can be formulated as follows: 

(76) If either �1 or �2 is absolutely continuous, then �l * �2 is abso

lutely continuous. 

In view of (75), it is of interest that the converse of (76) is false ; 

in fact, it is so fundamentally false that 

(77) 1-'l * 1-'2 can be absolutely continuous when both �l and �2 are purely 

singular ( cf. § 4). 

An example proving (77) will be given in § 6.3 below. 

The proof of (76) can be based on the formula line preceding (74). 

However, the follcwing proof of (76) is preferable, since it supplies, be

sides the assertion of (76), the explicit form of the density of �l * 1-'2, 
if either �lor 1-'2 has a density ( cf. § 4). 

If �1(x) is any distribution, then, since it is a monotone function, 

it has a finite, non-negative derivative 1-'l'(x) almost everywhere ( here and 

in the sequel, the "almost everywhere• refers to the Euclidean measure on 

the x-axis). If l-'2(x) is another distribution, then, since �1•(x) � 0 
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almost everywhere, the Lebesgue-Stieltjes integral 

(78) ¢(x) = ) J-1.3.' (x - u) c'iJ.I.2 (u) 

exists, and is non-negative, for every x, where it is understood that> 

(78) can be 0o for some x (possibly not only almost everywhere). In any 

case, an application of Fubini1s theorem to (78) gives 

(79) 

X 

f ¢(�) dv = 5{ 
X 

J !!11(v-u) dv} dj.t2(u). 
- oo  -<:P 

This holds for any pair of distributions J!1,J-�.2• Suppose now that, 

while J-�.2 is left arbitrary, J!l is absolutely continuous. Then the interior 

integral on the right or (79) is J.1.r (x - u) for every x and every u. Hence, 

if (79) is compared with (49), it follows that 
X 

(80) J.l.l * J.1.2(x} = J ¢(v) dv 

-� 
for every x. But the function on the let't of (80), and therefore integral 

on the right of (80), if finite for every x. Hence, the integraDdof(80), 

i.e. the function (78), is finite almost everywhere. Thus (80) means that 

¢ is an L-integrable function, which means, again by (80), that J.l.l * � is 

absolutely continuous. Finally, if the Fundamental Theorem of Calculus is 

applied to (80}, it follows that the derivative of J!l * J-1.21 that is, its 

density, is represented by (78) for almost all x. 

If both J.l.l and 1-'2 are absolutely continuous, and if cf>J.,¢2_,¢12 de

note the densities or J.l.l,J.1.2,J.�.12 respectively, then (80) can be written in 

the symmetric form 

(81) ¢12(x) = � ¢1(x- u) ¢2(u) du. 
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Convergent Convolutions 

26. If �1, ••• ,� are n distributions, (52) shows that �l*···�n 
is a unique distribution,; it has the transform 

and the squared standard deviation 

(83) [�1 * ... * �� 2= [ ��2+ ••• + [�)2 
(� c:p ) , as seen from (53) and from (67) by complete induction. Similarly, 

from (70) and (72), 

(84) P(�l * ••• * �) = P(�l)(+) ••• (i) P(�), 

while, from (71), 

(85) S{�l * ... * �) = closure of S (�1 ) (+) ••• (+) S(�). 

Correspondingly, if c1, ••• ,Cn are real numbers, then, from (51), (52) and 

{55), 
cl en cl +. • .+en 

(86) �1 * ... * �n = e * �1 * ••• * �' 

since (15), (49) and the definition c�(x) = �(x - c) imply that 

(87) 
a b a+b 

e * e = e. 

In particular, if (�1)1, ••• ,(�n)1 all exist, then, according to (63) 

and (37), n 

(88) 

and so, by (38) or (64), 

(89) (�1 * ••• * �n)• = �·* •• •  * �n
·

' 

where the existence of the moment on the left of (88), and therefore the 

existence of the distribution on the left of (89), is part of the statement. 
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It will often be necessary to consider the total variation of 

the distributions � = �1,�2, ••• ,�n on the exterior of a fixed interval 

-r < x < r, that is, the integral on the left of (22). As n � QO , = -

the numerical value of r turns out to be immaterial for the purposes at 

hand, and it will therefore be chosen to be l. As an abbreviation, put 
� 1 1 

(90) I' � ( f- S djl; so that I' = 1- J dJL(x) � o, 
- 00 -1 -1 

by (1) and (3). It is easy to see that the symbol (90) cannot have any 

explicit property of the type (83). 

2:7. For sake of shortness, let always 
00 '00 QO 

(91) z_ = L ,T\ =T\, 
1 1 

while 5 = ) • 
-'CQ 

If gl'g2, ••• is any sequence, the symbol 2. � has two different 

meanings. On the one hand, it denotes just the ordered collection g1, 

gl + g2, ••• , which may or may not tend to a limit, and, on the other hand, 

it denotes the value represented by the limit whenever the latter exists. 

Correspondingly, if �l'�2,••• is a sequence of distributions, let the 

infinite convolution �l * �2 * ... mean, on the one hand, the ordered 

collection of all distributions �l * ... * �' which may or may not tend 

to a limit distribution, and, on the other hand, let it denote the limit 

distribution whenever the latter exi St$ , i . e ., whenever there exists a 
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distribution f-1, satisfying IJ.1 * ... * IJ.n � IJ. as n � � ; in which case 

the infinite convolution will be called convergent (and in the contrary 

case divergent). CorrespondL�g to (91), let � denote the infinite 

convolution rt1 -:t- rt2 -r, • • •  i..'l'l either case. Needless to say, this notation 

involves for the symbol * two logically different meanjngs, as exempli-

fied by the formal identity 1-Lo* (%) = *1-t
n-l

· 

By a convergent convolution will be meant a convec::-gent infinite 

convolution. 

27. If 11n and An in (56) are replaced by 1-11* ... * 1-L
n 

and 

"-1 * • • • �� An respectively, it is seen that 

(92) 

holds for any pair of convergent convolutions �' *"-n, where the con

vergence of the convolution on the right of (92) is part of the statement. 

a 
It is clear from (15) and from the defin ition e(x) = e (x - a ) 

that a ......:P a holds if and only if the distribution �s tends to a limit 
n 

a 
distribution; in which case the latter is e. It follows therefore by 

a two-fold application of both (86) and of the cdterion (92), that, if 
en *J.tn is a convergent convolution, the infinite convolution * jJ. is con

n 
vergent if and only if the series Len is; in which case 

c c � (93) * �n = s * (�n), where c = �en • 
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Another consequence of the criterion (92) is that, if 

�n = �1 * �2 * ... is a convergent convolution, the infinite convolu

tion �n+m = �m+l * �n+2 * ... is convergent for every fixed m and 

satisfies the relation 

(94) (�1 * • • • * �m) * (�n+m) = *1-�n • 
This is seen from (51) and (52), if it is observed that, according to 

the case c = 0 of (55), the unit distribution e satisfies !l * e = !l' 

!J· * e * e = !J., • •• for every �' and that every finite convolution can 

accordingly be thought of as a convergent infinHe convolution. 

If !J.n is replaced by �ll * . . . * 1-tn in the continuity theorem at 

t�e end of §10, it is seen from (82) that an infinite convolution � 

is convergent if and only if there exists a continuous function to 

which the product on the right of (82) tends, for - <00 < y <QO , as 

n � oo ; in which case the transform of the distribution �n is 

0 T\ 0 
(95) (��n) (y) = I I !ln (y), 

and (82) tends to (95) uniformly on every fixed bounded y-interval. 

In this criterion, the product on the right of (95) cannot before-

hand be interpreted as uniformly convergent, or for th3.t matter con

vergent, in the sense of the theory of infinite products l\ gn• In 

fact, t..'f}e latter theory declares l\ gn to be convergent only if there 

exists an N such that the number en does not vanish for any n > N and 
tl1e partial products of ll\ g N tend to a non-vanishing limit as - n+ 

n --..:, oc ; and both of these conditions imposed on N are required 
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a 
to be satisfied by a constant N, if llT � is called���ifo�ly con-

vergent product of fun ctions �· On the other hand, the above criterion 

refers merely to the uniform convergence of the ?artial products of the 

infinite product on the right of (95). However, these two interpreta-

tions of the uniform convergence of an infinite product, interpretations 

which cle&rly are inequivalent in general, prove to be equivalent in 

the present case. 

In fact, suppose that (82) tends to (95) unifonnly on every fixed 

bounded y-interval; so tnat the convergence of the infi:1ite product {95) 

is not required in the sense of the theory of infinite products. Since 

(95) represents a transform, it is, by § 10, a continuous function which, 

by (12), cannot vanish for -q < y < q, if q is sufficiently small. Con

sequently, none of the factors on the right of (95) vanishes for -q < y < q, 

��d so ��e infinite product (95) is uniformly convergent for -q < y < q, 

if uniform convergence is !Jeant in the sense of the theor-y of infinite 

products. It follows that �tn °(y) �1 as n � oo holds uniformly for 

-q < y < q, if q is sufficiently small. But this implies, by t�e end of 

§ 20, that �tn° (y) _____, 1 as y--..;;> oa holds uniformly on fixed bounded 

y-interval. Hence, there exists for every bounded interval an N such 

0 
that �n (y) does not vanish on the interval whenever n > N. This proves 

that the two interpretations of the uniform convergence of an infinite 

product are equivalent in the present case. 

As an ap]J1ication, it is easy to show that, correspondint:; to Cauchy's 

crit,:::rion for the convergence of an infinite series 2. �' a1 infinite 

convolution -:(1-tn is convergent if and only if 
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(96) P.n+l * . .. * !J.n+k(n) � e,as n � QO, whenever k = k(n) > 0 

(that is, whenever k is a non-negative function of n) • 

In fact, (52) and (53) imply that t�e transform of the finite con-

volution on the left of (96) is the product of those factors of the in-

finite product (95) which have a subscript greater than n and not greater 

than n + k(n). Hence, if the distribution �n occurring in the continuity 

theorem at the end of § 10 is identified with the finite convolution on 

the right of (96), it is seen from (15) that (96) holds if and only if 

the infinite product ( 95) is convergent on every fixed bounded y-interval. 

Since this was seen to be equivalent to the convergence of *1-tn, it follows 

that (96) is necessary and sufficient for the convergence of *!J. • n 
It is understood that the finite convolution(96) is me��t to denote 

the distri��tion p.n+l' if k = k(n) is o. Hence, a necessary condition 

for the convergence of *!J.n is represented by 

(97) !J.n� e. 

28. It will now be shown that, if *1-tn is any cmwergent convolu

tion, a point x = s is in the spectrum of the distribution *!J.n if and 

only if there exists to x and to every n at least one point sn = sn(x) 

in the spectrum of !J.n such that x = s appears in the form of the 

convergent series 
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(98) 

(This does not claim, ancl it is not in general true, that z:_ sn is a 

convergent series whenever sn is in the spectrum of f-1-n). It is clear 

from the definitions of A (+) B and lim � in § 24, the.t the assertion 

of the rule (98) can be formulated as follows: If *1-tn is a convergent 

convolution, then 

(99) S('*l-tn) =lim An, where � = 8(�.1)(+) •• • (+) S(!J.n). 
According to 9 4, ever:r spectrum is a closed set. On the other hand, 

the definition of lim An' formulated after (73), obviously implies that 

lim An is a closed set. But, if �n and � in (73) are replaced by 

!-1-1 * • .. '*1-tn and *!J'D respecti volJ, it is seen that the limit of the set 

(85) contains the set S(�rn). Consequently, (99) will be proved if it 

is shown that the limit of the set (85) is contrined in the setS(��). 
n 

The proof will be based on the fact ttat, if �L and A is any pair 

of distributions, then the inequality 

(100) J dJ,t * A.(x) > f du(v). J d;\(u) 
( x-c\<r = \ v1 <!r ' \ u-cl <tr 

holds for every point c and for every r > 0. For a moment, grant the 

truth of (100) • 

Suppose that� is convergent. Then (94) is valid (for eve�; m). 

It in�plies, in view of (57), that *J-t + -.> € as m .-:::p r:;;t:� • According to n m 
(15), this r.eans that the total varintion of *1-t (x) on any fixed inter-

n+m 

val -�r < x < tr tends to l,as m � Q01and exceeds, therefore, � for 

every m > N, if N = Nr is suite.bly chosen. Consequently, if (100) is 

applied to jt = f.Ll * .. . * �tm it follow·s from (94) that 
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f d-l(V· (x) � ! } d ft1�'- • • •  *}t (x) when m > Nr' n - 1 m l x-c I <r \x-c\ <;zr 

where c and r are arbitrary. Hence it is clear from the definition of 

lin An after (73) and from tbe definition of S(��) at the begi.'Ylning of 

§4, that, if c is so chosen as to be contained in lim Am' where 

Am = 8(��1* .. •*llm), then c oust be contained in S(*lLn) also. But this 

is precisely that assertion of (99) which remained to be proved. 

In order to ver5_fy the genera.l inequal:i.ty (100), a:pply (49) to 

v1 =: �., F-2 = ;\. It is then seen, frow Fubini' s theorem, that thr:: inte

r;r�l on the left of (100) is identical with 

J f S d x�� ( x - u � d;\ ( u ) , i.e., J f Jd_,J.t ( v + c - u )} dA. ( u) • 
1x-cl<r lv{<r 

QO 

85_nce ) = f , this re1Jeated integral is not less than 

-r { f dvf'(v + c - u�d A(u), 
f u-cf <!r \VI<r 

(the contribution of the omitted range lu - c\ � tr being non-negative). 

Eence, in order to prove (100), it is sufficient to ascertl:'.in that, j_f 

u has any fixed value satisfying \ u - c \ < !r, then the interior integral 

in the last formula line is not less than the first integral on the 

right of (100). But this is clear from (1) if it is observed that, 

since u is restricted to the open interval having the length r and the 

midpoir.t c, the open interval having the length 2r and the midpoint 

c - u contains the open intenal having the length r and the mid:p-oir.t 0. 
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29. The necessary and sufficient conditions of § 27 for the 

convergence of *!An involve convergence properties of the functions oc

curring in (95) or in (96). It is therefore of interest that there are 

cases in whi.ch the convergence of "*l!n is ensured by the convergence of 

certain series involving moments of the first and second order only; so 

that that convergence properties of sequences of functions becor.lf. re-

placed by corresponding properties of readily avaHable sequences of 

numbers. 

In this direction, it will be conver.ient to consider first the con-

volutions �n in which every � is centered i� the sense of (38). In 

the this case (to which��. general case will subseq-oontly be reduced) , a suffi-

cient condiMon for the convergence of *1-tn can be formulated as follows: 

(101) 

convergent; rr.oreover, �n ls a 
2 

exactly ZlltnJ . 

2 

and if eve�J �n is centered, then �n is 
2 

centered distribution, and [*Vn] is 

Since L [�nl <.:::P implies that [�tnJ <oo for every n, it is clear 

that (101) is not a necessary condition for the convergence of a convolution 
2 

of centered distributions. However, the condition f. [ �tn1 <oc turns 
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out to be necessary for convergence in a partictllar case of considerable 

:interest. In fact, this will be the case if the spectra of !lpf-i,2, • • •  

are uniforr..ly bounded, i.e., if S(�,n) is contl'::ined in a fixed bounded 

interval for every n. Thus the a.ssert::.ons of (101) can, in this case, 

be completed as follows: 

(102) If �,1,��2, •• • are centered distr:1but:5_ons with uniformly bounded 

spectra, then the convolution *1-tn is convergent if and only if the nwner-
2 

ical series Z- [J.�.n] is. 

2 
In order to prove (101), notj_ce first that' since L r !ln l < 00 

implies that r�-�nJ <oo , it is the second line of (41) that applies to 

every n .  Furthermore, (101) assumes (38) for every n. Accordingly, 
2 

[�A-n1 = (!ln)2, f:ince (�tn\ = 0. Thus (32) is applicable to V = !ln' 
2 

. j if k = 2 and, therefore, if k = 1; so that D !l 0(0) = - [11 and 
1 Y n n 

Dy !ln°(0) = 0. It follows therefore from (12) and fro:n the case k = 2 

of (31) that, j_r, view of Taylor's formula, 
0 1 � \2 2 1 2 J 2 !ln (y) = 1 - 2 LllnJ Y �Y x (cos (e�Y xy) + i sin (9�Y xy) )d�tn (x), 

Where the 9 are ir,dependent of X and sattsfy the inequalities 0 < 9 < 1. 
0 2 2 

Tn particular, I !ln (y) - 1j < 2 [1-4n) y • 
2 

Since L [ J.t ] is a convergent n 

series of non-neeative constants, this inequality implies thet the infinite 

plitoduct on the r:5.ght of (95) is uniformly convergent on every fixed bounded 

y-intervnl. In view of § 27, this proves the first assertion of (101), 

narnely the convergence of -r'lln. 
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2 
The convergence of L [ 1-4n1 and the preceding inequality for the 

devie>.tion of 1-tn ° (y) from 1 also in:ply that there exists an interval 

-a < y < a such that the finite product on the right of (82) devintes 

from 1 by not more than Cy2 
if -a < y < a, where both constants a, C 

are independent of the index n occurring in (82). It follows therefore 
0 

from (95) that 1 (*J.t ) (y} - 1 \ < Cy2 for -a < y < a. In other- words, n 
the case n = 1 of (.34) is sa ti�.fied by c0 = 1 and c1 = 0, if p. = *f.tn. 

It follows therefore from §12 that there exists a constc:nt c2 satisfy-

ing (331) fork= 2 and that (�-t)2 <�,finally that (33) is ap;jlicable 

to k = 2. But (.33') means, in the pre sent case, that �-t0(y) = 1 + c21 
2 + o(y ) as y �0. If this is compared with the case k = 2 of (.33), 

it follows that c2 = -t(!l-)2• Accordinely, the distribution p, =*l-In 
0 2 2 has a finite second moment satisfying (*J.tn) = 1 - �(-t1J.n) 

2
y + o (y ) • 

This, when coirrpered again with (.33), implies t�K;t (*J.111)1 = 0. In view 

of the definition (.38), this means that(-� ) is centered. This is the 
n 

second assertion of (101). 
S�uce (�n)2 <oo and (*1-tn) = 0, the second line of (41) gives 

( *J.tJ = ( *J.tn) 2• If this is substituted into the o-rele.tion just 
found , lt is seen that the last assertion of (101) is equivalent to 

the statement that the devie.tion of the product (95) from 1 is 

2<7 ]2 2 -tY L- [f!n + o(y) as y---7'0. But the truth of this sta.terr,ent is 

readily verified from the last for:rm..'.la line, since 5 x2d!J.0 (x) = f�-t)2 
and'L[�-tJ 2 <oo • 

In order to prove (102), let *1-tn be a convergent convolut�_on of 

centered distributions (for the present, the spectra S(f-tn) need not be 
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uniformly bounded). Put "-n = Vn * �' where f.t (x) denotes, as before -1 -1 n 
(17), the distribution represented by l- IJ.n(-x) at its continuity points. 

and Thus it is clear that -l�ln is centered" that [l·n J = [JJ.n J . It follows 

therefore from (64) and (67) that � = �i * !J·n is centered and that -1 n 
2 2 

[A.nJ = 2 r�J . 
0 0 2 

Furth�r.more, '-n (y) = }� (y)/ , by (54), and so a repented appli-

cation of the product criterion of § 27 shows that the convergence of 

*IJ.n implies, on the one hand, the convergence of *'-n and, on the other 
0 

hand, the uniform convergence of l\ '-n (y) on any fixed bounded y-inter-
o 

ve.l. But '-u (y) is non-negative, hence real, and so it is clear from the 

case jJ. = '-n of (11) that -r\ "'u 0(y) must be absolutely convergent because 

of its convergence. Consequently, :Z::. l l - '-n °(y) I < � for every y, which 

implies, by the case :.!. = '-n of (21), that 

r 
) x2dA.n (x) < 00 for every r. 

-r 

Suppose now that the spectra S(JJ.n) are unifomly botmded. Then it 

is clear that the same is true of the "reflected" spectra 8(_1!-l-n), and so, 

by (71), of the spectra 8(_11-Ln * jJ.n). It follows therefore from 

'-n = ktn * IJ·n that there exists an r such that each of the distributions 
-1 

'-n (x) is constant for - c.D < x < -r and for r < x <� • Hence, the last 

fornula line means that 2:_ (A.n)2 < <:Xl .  But A.n is centered, i.e., 

J
2 _. 2 

(A.n)2 = ["-n ; so that / [�l <oo. 2 
This completes the pDoof of (102), since, as observed before, 

2 [A.J 
= 

2 [jJ.nJ • 



then 

66 

30. It is easy to transcribe the results of �29 to the case 

of distributions �L which are not cente:·ed. In fact, (101) can be general
n 

ized as follows: 

2 
(103) If L.. [ � < o", then the convolution *J,tn is convergent if and 

only if the series f <�-tn) 1 is; in which case [ *J-I.n12 = L [IAn l2 and 

( *1-tn )l -= <�-tn \ • 

The corresponding transcription of (102) runs as follows: 

(104) If 1-tl'f-!·2, ••• are distributj.ons having uniformly bounded spectra, 

then the convolution *J-I.n is convergent if and only if both series 
2 

L [�-tnl , Z (�n)1 are. 

2 
In order to prove (103), suppose that Z: [�-tnJ <c::P • Then 

[�-tnJ < -oo; hence (JJ.n
) 2 <CP, and so the first moment (�tn)l and the cen

tered distribution �-tn• exist for every n. But the second line of (41) 

implies that [�tnJ = L�-'·n·], since (�tn
.)l = 0. Furtherr;Jore, if Cn = (f.Ln)1, 

en 
� (38) shows that 1-tn = IA

n
• and ( �tn)• =!ln 

•
• Hence, if (101) and the 

criter1.on of (9.3) are applied to the case in which �n is replaced by �n
·, 

s.nd if (.37) is then applied to � = *Fn • and to c = L en, where en - {11 ) - rn 1' 

lt is seen that (10.3) is equivalent to its particular case (101). 
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Correspondir::gly, (104) follows from (102), since the spectra. S(!J.n) 

are uniforrrly botmded if and only if the spectra S(rn.) are. In fact, 

it is clear fror: (30), where (!.t) 0 = 1, that, if the spectrum of a distri

bution !J. is contaiLed in an interval, then the latter contains the point 

x = (�); so that the assertion is clear froffi (38). 
1 

31. For every distribution !J., define another distribution,[J.:, 

by assignir.g ·o ·o · · 
the transform �. = 1-i. (y) of �t. = �t. (x) as; the func-

tion 

(105) �t: 0 ( y) = f�-t} + 

1 

j e ixy d�t(x) , 
-1 

where ( �t} = const. 

If (12) is aprJlied to botl �t and �L ·, it is seen frorr (10) that tl-le con

stant occurring in (105) must be the non-nege.tivc consteJlt (90). Cor-

respondingly, comparison of (105) with (10) shows that the distriblltion 

r· is defined as follows: 

0 i:' I X I > 1, 

(106) d�: (x) = 1 d�L(x) if 0 < I xi < l, 

r�.} + d�t(x) if X = 0. 

It is also seen fror:r (105) ancl (10) that 
<:P I 

(1C,7) !J. :o(y) - !.t0(y) = ( f - S) (1 - e ixy) dF.(x), 
-QJ -1 

v:hich ic�Jlies, by (90), that 

·o o / ( } (108) I F·. ( y) - �l ( y) � 2 t �t • 



. 
Since the spectrum of p, • is contained in the interval -1 < x < 1, 

it follows from (104) that, for any sequence of distributions 1-'·1'�:,2, •• • , 

converge. 

Thus there arises the question as to the possibility of a connection 
. 

between the convergence of "*ltn and t!1e convergence of *1--tn ·, where f.t1, t:;' • •. 

is an arbitrary sequence of distrj.buM.ons. In this direction, it is easy 

to prove that 

(110) 2.{�-tn� <OO implies that either both "*ltn and �1-tn: are convergent 

or both are divergent. 

In fact, if z1,z2, • •• and w1,w2, ••• are two sequences of numbers 

satisfying zn � 1 and wn --7' 0 respecti velJ', then log ( zn + w
n

) - log zn, 

being equal to log (1 + wn/zn), is 0(\ wn \) as n --7' Q<;�. Hence, if lT zn 

and 'Z I wn l are convergent, then 1T (zn + wn ) is convergent. Obviously, 

a corresponding stater:1ent holds uniformly in y for the case of functions 

Zn = zn(y), wn = wn(y). Thus, if these functions are given either by 
:o 

or by z = �t 
n n 

0 
z + w = n , it is seen from ' n n �"'n 

the product criterion of (95), that (110) follows from (lOS). 
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32. Let an infinite convolution �n be called absolutely convergent 

if *A.n is convergent whenever A.p A.2, . . .  is a rearrangement of �l'!J.2, • • • • 

According to the criterion of (95), this will be the case if and only 

if the infinite product lll "-n
°(y) belonging to an arbitrary rearrangement 

of �1,�2,••• is uniformly convergent on e very fixed bounded y-interval. But 

this is equivalent to the absolute and uniform convergence of the product 

(95) on any fixed bounded y-interval. This, wnen compared with {19) and with 

the fact that the absolute and the uncondition convergence of a product llf� 
are equivalent notions, implies that a convergent convolution � is absolutely 

n 

convergent if and only if the distribution *"-n is identical with the distri-

bution *J.I.n whenever the convolution *"-n is a convergent rearrangement of the 

convolution �n· 

Since the absolute convergence of n gn is equivalent to L ll - gn I < 00 

it also follows that �n is absolutely convergent if and only if �11- �n°(y)j 

is uniformly convergent on every fixed bounded y-interval. 

If this interval is chosen to be -1 � y < 1, and if (22) is applied 

to r = 1 and to � = �n' it follows, in particular, that the convergence of 

the non-negative numerical series �[�J , where { �} is defined by (90), 

is a necessary condition for the absolute convergence of �n· Hence, it is 

clear from (110) that the absolute convergence of �n implies the absolute 

convergence of �n
:

' and that the absolute convergence of �n: 
implies the 
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absolute convergence of -�tn whenever Z:: [�Jon y < QO • It follows there

fore from (109) that the simultaneous satisfaction of the three condi-

tions 

is necesse.ry and sufficient for the absolut e convergence of an infinite 

co::Jvolu tion '*1ln. 

If a convergent product l\ � is written in the form 1T (1 - �), 

and if � � 1 for every n, then, since � > o, it follows that \1 � is 

absolutely convergent. If this remark is applied to � = 1-ln °(y), it is 
0 

seen from the case it = � of (11) that, if transforms �'ln (y) are real-

valued for every y (which means that the distributions 1-tn are synmetric; 

cf. § 67 below), then the convolution *f.t11 cannot converge unless it con-

verges absolutely. 

3.3. It turns out that L { 1-tn} < � is a necessary condition 

for the mere convergence of�· However, �his fact is substantially 

more recondite) that is, its particular case considered in§ 32, where *1-tn 

is assumed to converge absolutely. In fact, it will be convenient to de-

fer the proof to § 39 , where use will be made of the theory of product 

measures on infinite product spaces, ra�'ler than of the theory of the 

transfor•n (10) • 
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If the necessity of 2::" { 1-tn J < 00 for the convergence of *!J.n has 

been proved, then (109) and (11) clearly imply the following "three-series 

theorem": An infinite convolution � is convergent if and only if all 

three mmerica1 series 

(112) � {!!n}' Z [!!n J2 ' 2. (f!n :)1 

are convergent. The easier criterion of § 32 for the absolute convergence 

of *Jl.n, n<:lmely t."-le criterion (111), is of course a particular case. Need

less to se.y, the terms of the first two of the three series (112) are non-
negative for every *l!n• 

The definitions (90) and (106) introduce L�to the three-series theorem 

the absolute constant r = 1. Actually, the theorem remains valid if r = 1 

is replaced by any fixed r > 0 in (90), (106) and (112). In fact , (90) and 

(106) show that this replacement is equivalent to a change of the unit of 

lengt!1 on the x-axis end t:1.erefore, in viel'r of (17), to the reciprocal 

change of the unit of length on the y-axis. But the product (95) is uni-

formly convergent on every fixed bo1mded y-interval if and only if the same 

is true of the product T\ 1-Ln ° (ry) for every fixed r > 0. Since both this 

product crj_ter�o-�1 and V1e convergence of all three series (112) represent 

necessary s.nc1 sufficient condition s  for the convergence of *Jl. , the asser
n 

tion follows. 

A curiou3 corollary is that there exists for every convergent convolu-

t:Lon *J.t ( x) a convergent series L_ en such that the convolution *1-J. (x - c ) n n n 
is absolutely convergent. In order to see this, it is suffi.cient to place 

Cn = -(ftn ·) 1 and to com;Y:..r-2 t�ne three-series th,,oren ,,;·i_th the criteria of 

(111) and (9.3); cf. (38) and (40). 
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A consequence of this corollary is that, if � = �n is a convergent 

convolution and if A= *An in any of its convergent rearrangements { cf. § 32) , 

c 
then there exists to this rearrangement a constant c such that A = �' 

i.e., A(x) = �(x - c). In order to see this, it is sufficient to choose 

convergent series Z: a
n

' � bn which make the infinite convolutions 

��n(x- �), *Au(x- bn) absolutely convergent, and then to apply the 

remarks leading to (92) and (93); cf. (86) and (87). 
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Convergence in Measure 

34. Let T be a "space" of "points" t. Let there be given on 

T a field of sets F each of which consists of points t, and suppose that 

every point t and the space Tare sets F (i.e., sets contained in the field) . 

Suppose finally that there is given on the field a measure ¢ = ¢(F) for 

which the measure of T is 1. In other words, let there be given on the 

field a function ¢(F) satisfying, corresponding to (1), (2) and (3), the 

conditions tnat ¢{F)� 0 for every F, that ¢(F1) + ¢(F2) + • • •  = ¢(F1 + F2 + • • • ) 

for every sequence of mutually disjoint sets F1,F2, ••• , finally that 

(113) ¢(T) = 1. 

Let there be given on T a function x(t) which has values represented 

by points of the line X: - oo < x < cP and which, with reference to the 

given field. on T, is a measurable function of the position t on T. It is 

understood that x(t) need not be defin ed , or can be±�, on at-set of 

¢-measure 0. 

It is easy to see that the assignment 

(ll4 ) �E 
= 

¢(
F

x (t) in E) 
defines on the field of the Borel sets E on the line X a set-function �E 

which is a distribution in the sense of � 1. It is understood that the 

symbol within ��e parenthesis on the right of (114) denotes the set of 

those points t of T for which x(t) is a point x of E. Thus it is suffi

cient to show that, if r denotes, as at tb.e beginning of § 5, the half

line consisting of those points of the line X which are to the left of 

the point x, then (114) defines for every E = EX a value which, when de

noted by �(x), satisfies (8). But the expression on the right of (114) 
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is defined for every E = "'if, the function x(t) having been supposed to. 

be ¢-measurable on T. And ��e three conditions (S) for � follow from the 

three conditions assumed, before and by (113), for the measure¢ on T, 

the function x(t) having been assumed to represent a real number x (# ±cP) 

for almost all points t of T. 

The distribution � = �E or � = �(x) which is defined by (114) on X 

will be called the ¢-distribution of x(t). It is characterized by the 

property that, if f(x) is any Baire function on X satisfying either 

\f(x) \ < const. or f(x) � 0, then 

(115) � f(x) � = r f(x(t)) d¢. 
X T 

In fact, (115) follows from (114) in either case, while (114) follows from 

(115) by placing f(x) = 1 or f(x) = 0 according as x is or is not in the 

Borel set E. 

35. Let XI(t), x2(t), • •• be a sequence of functions on T such 

that every xn(t) satisfies, with reference to a fixed ¢ = ¢(F) on T, the 

same conditions as the function x(t) in § 34. 

If there exists for every constant q > 0 and for every constant p > 0 

an N = N p such that the set of those points t of T at which J x(t) - x (t) J q n 

exceeds p has a ¢-measure less than q whenever n > N, then x (t) is said 
n 

to tend (on T) to x{t) in ¢-measure, as n __, <:)o • 
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It is known that, if :xn (t) tends to x(t) in ¢-measure, then the 

sequence �(t), X2(t), •• • contains a subsequence, say x(l)(t), x(2)(t), ••• , 

such that x(n) (t)� x(t) as n ---i' <:liP holds for every fixed t not contained 

in a certain t-set of ¢-measure o. This implies that, if xn(t) tends to 

x1(t) and also to x"(t) in ¢-measure, then x'(t) = x"(t) holds for almost 

all t (that is, for every t not contained in a certain t-set of ¢-measure 0). 

If the functions xn (t ) , instead of tending to a function x(t) in¢

measure, have ��e property that there exists for every constant q > 0 and 

for every constant p > 0 an N = N p such that the set of those points t 
q 

of T at which I �(t) - xn (t) I exceeds p has a ¢>-measure less than q when-

ever m > N and n > N, then the sequence x1(t), �(t), ••• is said to be 

convergent (on T) in ¢-measure. 

It is obvious that every sequence x1(t), x2(t), • • •  which tends to a 

function x(t) in ¢-measure is convergent in ¢-measure. The fundamental 

fact (compactness theorem) of this theory is known to be the converse of 

this obvious remark, namely the fact that every sequence x1 (t) , �(t), •• • 

which is convergent in ¢-measure tends to a function x(t) in ¢-measure. 

In order to establish a connection between these notions and the 

definition (114), suppose that xnCt) tends to x(t) in ¢-measure. This 

means that the set of those points t of T at which \ xnCt) - x(t) I exceeds 

a fixed & > 0 tends to 0 as n � eo • Hence, if J.l.n and � denote the 

¢-distributions of xn(t) and of x(t) respectively, then, since¢ is fixed, 

it is readily seen from tne definition of a ¢-distribution ( §34), that 

�n � J.t holds in the sense defined at the end of § 2. Thia, when combined 

with the compactness theorem quoted before, proves ��e following fact: 
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(116) If a sequence x1 (t), �(t)� ••• is convergent (on T)in <f.r-measure, 

and if � denote s the distribution on X which represents the �istribution 

of Xn(t), then there exists on X a distribution !J. satisfying J.l.n� (J.; in 

fact, ��is J.l. is precisely the ¢-distribution of the function x(t) to which 

�(t) tends( on T)in ¢-me�sure. 

However, (116) supplies only a necessary, and not a sufficient, con-

dition for convergence in ¢-measure. In order to see thi s , let T be the in-
n 

terval � � t � t and ¢ the Euclidean measure on it, finally � (t) = (-1) sgn t, 

Then l � (t) - Xb+l ( t ) \ = 2 holds for every n and for every t "f 0, and so the 

sequence �(t), x
2

(t), •• • canno�converge on Tin �measure. Nevertheless, 

there exists a distribution !J. satisfying �"'n ___,. �t, since �"'n is independent of 

n (in fact, !J.n(x) is o, tor 1 according as x < -1, l x l < 1 or x > 1 ) .  

In view of this failure of the converse of (116), it is a fundamental 

property of the particular case of infinite produce mea sures, to be defined 

in § 37, that t:he converse of (116) will, in § 38, turn out to be correct 

for t.'I-J.is particular case. 

36. The me�ming of the convolution of distributions !"' on X 

can constructively be described in terms of the notions of f 34, if use is 

made of the idea of product measures. 

In order to see this, let T1,T2, •• • be spaces of respective points 
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t1,t2, ••• and let every Tn carry a measure ¢n = ¢n (Fn) on a field of sub

sets Fn of Tn in such a way that all the conditions required before and by 

(11.3) in j .34 are satisfied for every n; in particular, 

(117) ¢n (T
n ) = 1. 

For a fixed n, let p.n = F1.F2• ••• • Fn denote the "Cartesian product" 

of sets F1, ••• ,F
n 

which are chosen in the respective fields on T1,T2, •• •  ,Tn. 

Thus, 

(llS) 
n 

T = T1 • ••• •  Tn 
denotes the space in which an arbitrary point 

(119) tn = tl. ••• .t
n 

has the coordinates �' ••• ,tn; coordinates which are arbitrary points of 

T1, • •• ,Tn respectively. 

n n n n 
Consider on the product space T the "product measure" ¢ = ¢ (F ), 

defined by placing 

• n n 
(120) ¢(F)= ¢l(F1) ¢(F2) ••• ¢

n
(F

n ) if Fn = F1.F2• • • • .F • n 

The collection of those sets in rfl which are representable as product sets 

F1• ••• .F does not in general form a field. However, this collection can n 
always be extended so as to become a field and to possess tne extremal 

property that, if a set of points (119) is in the field and has the form 

G.F2.F3 • ••• • F
n' where G is any set of points t1 on T1, then G is a set 

F1 contaL�ed in the given field on T1; and that the same holds if T1 is 

replaced by T2, •• • ,Tn. In the sequel, rn will denote any set contained 

in the resulting field of sets of points (119). It can be shown that the 

assignment (120) defines on ��e field of all these sets rn a unique measure 
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n 
¢ • Finally, since (119) holds for n = 1,2, ••• , it is clear from (117), 

(118) and (120) that, corresponding to (lJ-.3), 
n n 

(121) ¢ (T ) = 1. 

For every n, let there be given on Tn a 0 -measurable function x (t ) ·n n n 

of the position tn' where it is understood that x
n

(t
n

) need not be defined, 

or can be ±. 00, on a tn-set of ¢n-measure 0. Then, in virtue of (ll9), the 

function represented by the sum 

n n (122) x (t) = �(t1) + ••• + xn(tn) 
n 

is a function of the position tn on the product space T • Clearly, the func-

tion xn(tn) has, with reference to the product measure ¢n 
on rf, all the 

properties required of xn(tn) on Tn with reference to ¢n• Hence, ti1ere exists 

n n n n on X a distribution, say f.!. , representing the ¢ -distribution of x (t ) on 
n T , as defined in §.34. It will now be shown that, if lln denotes, for 

n = 1,2, ••• , that distribution on X which is the r+.. -distribution of x (t ) '1-'.n n n 
on Tn, then 

( (12.3) 
n 

11. : 111 * * II r· r • • • rn• 

In fact, let. T, t, ¢, x(t) in (115) be respectively identified witl;l 

(118), (119), (120), (122), and therefore f.1. with the ¢n -distribution of 

n n n n 
x (t ) on T , i.e., with IJ. • Finally, let the function f(x) occurring in 

(115) be chosen to be 1 or 0 according as x is or is not in E, where E is 

a fixed Borel set on X. Then it is clear that (115) becomes 

1-tn E = ) • • • f 
�(t1)T • • •  +xn(tn) in E 

(124) 

where the n-fold integration is extended over the set of tho se points (119) 

of (llS) which satisfy the restriction specified under the integral signs. 
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Now let (115) be applied to ea.ch of the functions x(t) = x1(t1), •• • ,xn(tn) 

of the positions t1, •• • ,tn on the respective factor spaces T1, • • • ,Tn and to 

the respective measures¢= ¢1_, •• • ,¢n on these spaces. Then it is seen from 

(12) and from Fubini's theorem thet (124) can be written in the form 

(125) 
n 

� = 
E 

J ... s df.tl (xl) • • • d!J.n (xn) • 
x1+ • •• +xn in E 

Bnt (48) shows that (125) is identical with the definition of �l * ... * � 

for n = 2 and therefore, as observed after (52), for every n. This proves 

(123). 

It should be noted for later reference that, if r is any positive 

constant, 

(126) ) �1 * • • •  * �n(x) 
\x\ > r 

= J · · · J dJL1 ("i l • • • dJL, (xn) = 
1 �+ • •• +xn\ > r 

¢l¢2···¢n-measure of the (tr, ... ,tn)set on which 1Xl(t1)+ ••• +xn(tn)/ > r 

This follows by applying (125) and (124) to the Borel set E consisting of the 

two half�lines exterior to the interval -r < x < r. = = 

37. Let 

(127) T = T1.T2 • ••• 

and 



so 

(129) 

denote what result by letting n --7 Ot in (117) and (118); so that tis a 

point of the infinite product space . Correspondingly, let F denote any 

set in a certain field of sets in T; a field which contains every infinite 

product set F1.F2 • •• • , where Fn is a set in the field on Tn. It is known 

that, due to (121), it is possible to define on T a measure¢ = ¢(F) by 

placing, corresponding to (120), 

so tha.t, in particular, 

(1.30) ¢(T) = 1, 

by (127) and (117). 

The function (122) of the position (119) on (119) can be thought of 

as a function xn(t) of the position (128) on (127), since the assignaent 

(1.31) 

defines on the infinite product space a single-va.1ued function; a function 

satisfying 

n n 
(1.32) x (t') = x (t") whenever t'm = t"m for every m • n. 

In particular, the n-th term of (1.31), a term which in § .36 was given as a 

function of the position � on the n-th factor space Tn' becomes a function 

xn(t) of the position on the infinite product space T: 

(1.3.3) �(t) = :xn('tb), where t = t1.t2 • • • • , 

it being understood that, corresponding to (132), 

(1.34) xn<t•) = xn(t") whenever t'n = t"n · 
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In § 36, the distributions �ln and 11-n on X were defined to be the 

¢n-distribution of xn<tn) and the ¢
n

-distribution of xn(tn) respectively. 

In view of (133), (134), (129), (130) and (117), the first of these defi-

nitions is seen to be equivalent to the assignment 

(135) 11-n =¢-distribution of xn(t), 
and the second, by (132) and (131), to 

(136) n n 
11- =¢-distribution of x (t), 

where¢ = ¢1¢2· •.. and t = t1.t2 • ••• in both cases. In particular, the 
following 

second line of (126) can be written in theAform: 

(137) ¢-measure of the t-set on which xl(t) + •• • + xn<t) > r. 

In view of the result (123) of J36, where n < QD , it is worth em-

phasizing ��at all of the above remarks involving (127), (128) and (129), 

where n = Cl', hold for any sequence of measures cf1_, ¢2_, ••• satisfying 

(117); so that the reStLlting distributions (135) on X need !!.Q1 be such 

as to make the infinite convolution � convergent, i.e., such as to lead 

to an extension of (123) to the present case, n =�. Correspondingly, 

the series � :xn (t), in which the terms Xzl(t) are defined by (133) and 

(134) as fUnctions of the position (128) on the infinite product space 

(127), has an n-th partial sum, x
n

(t), which in no sense need tend to a 

function , say x(t), as n � 100 ; in fact, the terms of this partial sum, 

which is the sum (131), are allowed to be arbitrary within the trivial 

limitations specified before (122). 
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3S. It will now be shmm that tile question of whet.."ler or not the 

series Z:. �(t) defines on the infinite product space T a function, say 

x(t), depends on the convergence or divergen ce of the infinite convolution 

�· An appropriate way of defining an x(t) turns out to be the convergence 

of L xn(t) in ¢-measure, where ¢ is the infiJlite product measure (l29) on 

the infinite product space T of the poL•ts t = t1.�. ••• • It is understood 

that � JtD ( t) is said to tend to x(t) in ¢-measure (on T) if t!1e n-th par

tial sum of L x (t), that is, the function :x.ll(t) on T, tends to x(t) in ¢-n 
measure (on T); cf. � 35. Then ��e connection just mentioned can be formu-

lated as follows: 

(138) If the distribution 1-'n = 1-Ln (x), where -()C)< x < 01' and n = 1,2, ••• , 

is the ¢n-distribution of the function xn(tn) of the position tn on Tn, and 

if ¢ denotes the infin:tt e product measure ¢J. ¢2 • • • on the space T = T1• T2. • •• 

of the points t = t1• t2• • •• , then the series L. xn ( t) , where xn ( t) is de

fined by (133), is convergent (on T) in ¢-measure if and only if ��e infinite 

convolution � is a convergent infll1ite convolution; in which case the dis

tribution % on X is precisely the ¢-distribution of the functjon x(t) to 

which the series � JCD(t) converges (on T) in ¢-measUl�e. 

In order to prove (138), suppose that *j.l.n is convergent. The defini

tion (15) and the necessary and sufficient criterion (96) show that this will 

be the case if and only if the total variatlon of the distribution 1-l-n+l * . .. 
*',.4 , on the two half-lines exterior to any fixed interval -r � x � r tends to 

n+A - -
0 as n � o-, where k = k(n) is any non-negative function of n. It is clear 
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from (48) and from ��e remarks follo;ving (52), that this total variation 

is represented by the integral of �n+l(Xb+l) ••• �tn+k(xn+k), extended 

over the manifold of those points of the k-dimensional Euclidean <xn+1, • •• , 
xn+k)-space which satisfy the inequality / :xn+l + • •• + Xb+kl > r. Hence, 

if the n indices l, ••• ,n occurring in the identity (126) and in the identi-

cal transcription (137) of (126) are replaced by the k indices n + 1, • •• , n + k, 
that 

it followsAthe total variation of the distribution �n+l * ... * �n+k on the 

two half-lines exterior to any fixed interval -r < x < r is identical with -:::: = 
the �measure of the set of those points t of T which satisfy the inequality 

I X'.n+l (t) + • •• + xn+k ( t ) I > r. This inequality can be written in the form 

l n+k n / n 
x (t ) - x (t) > r, since x (t) denotes the n-th partial sum of the series 

I_� (t) . 

Consequently, the infinite convolution � is convergent if and only 
n 

if the ¢-measure of those points t which satisfy tne inequality \ xn+k(t) - x
n (t) J > r 

tends to 0 as n � C>'» , if r > 0 is arbitrarily fixed and k = k(n) is any 

non-negative fun ction of n. But this means, by §35, ��e convergence (on T) 

in ¢-measure of the sequence x1(t), � (t), •• • on T. Since this sequence is 

the sequence of the partial sums of the series � x ( t) , the proof of the 
n 

necessar� and sufficient criterion, asserted by the first part of (138), is 

complete. 

In order to prove the remaining assertim of (138), suppose that 

�n is conve�gent and denote by x(t) the function to which the partial sums, 

YP ( t) , of !:. � ( t) tend on T in 1Hrteasure. Then, if � and �Ln denote the 

n 
¢-distributions of x (t) and x (t ) respectively, it follows from the last 

of the assertions of (116), that �n � p,. This means, by (136) and (123), 
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that�=�' which proves the last of the assertions of (138). 
Remark. Suppose that the infin ite convolution � is convergent, 

i.e., that the series Z:. � ( t) is convergent in ¢-measure. Then, as men

tioned in f35, the sequence x1(t), :l(t), • •• of the partial sums contRinS 

a subsequence which converges at every point t n�t contained in a certain 

the 
set of ¢-measure 0. Actually, it can be shown that, due to,_particular 

structure (133), (134) of the terms of iC x (t), it is unnecessary to 
n 

select a subsequence, i.e., that convergence in ¢-measure implies converg-

ence almost everywhere in the present case. This fact, which is a straight-
. 

forward consequence of the definition of a Lebesgue integral with reference 

to an infinite product measure, will not be proved here, since it is irre-

levant for the theory of the distributions � on X or of their transfo�s (10). 

39. As an application of (138), it will now be proved that, as stated 

at the beginning of 9 33, 

(139) 2:: { P.n1 < CP if '*!-In is convergent. 

In terms of �1e functions x1(t), �(t), • • •  and of any fixed constant c, 

define the 

(140) 
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Then it is clear that (134) remains valid if XD is replaced by �· This means 

that tl1e function � (t) oft= t1.� •••• can be thought of as a function, 

� ( tn ), of the n-th coordinate, tn' of the point tofT= T1.T2 • • •• ; so that, 

corresponding to (133), 
(141) un(t) = �(tn), where t = t1.t2• • •• • 

Hence it is easy to show that 

(142) if 2: �(t) is convergent in d,:>-measu.re, then L un(t) is, 

where¢ denotes the product measure (129) on (127). 

In fact, suppose that � � (t) is convergent ( on T) in �measure. 

This means, by § 35, that there exists for every q > 0 and for every p > 0 
p 

an N = N such that the ¢-measure of the set of those points t at which q 
lx (t ) + ••• + x (t)� exceeds p has a $-measure less than q whenever -� m . 

m > n > N. In particular, the set of those points tat which lxj(t)\ 

exceeds p4 has a ¢-measure less than q whenever j > N. This, when combined 

with (140), shows that the set of ��ose poL�ts tat which uj (t) = xj(t) is 

violated by at least one j > N has a ¢-measure less than q, provided that 

p is chosen sufficiently small (p < 1). It follows therefore £rom the con

dition defining N = Nqp' that tne set of those points t at which /�(t) + 

• • • + um ( t ) I exceeds p has a ¢-measure less than 2q whenever m > n > N, 

provided that p is sufficiently small. This, when compared with f35, com

pletes tne proof of (142). 

According to (133) and (141), both � and � are functions of the 

position t
n 

on the space Tn on which the measure is¢. = ¢(F). Hence, if n n n 
�n = �n(x) and �n = �n(x) respectively denote the ¢n-distributions of xn<tn) 
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and � (t
n ) , it is seen from (140), by applying the definition (114) once 

to !"' = l"'n' ¢ = ¢n, x (t ) = :xn 8lld once to J.1. = An' ¢ = ¢n' x(t) = un' that 
A.n (x) is the distribution for which 

0 if I X I > 1 8lld X "I c' 

dJ.I.n (x) if I xI � 1 and x "f c, 

[�.�.n5 + �n(x) if x = c, 

where [ i-4nS denotes the non-negative value defined by (90). In partj_cular, 

the spectrum S(An) is situated between the two points x = !_(1 + I cj) for 

every n. It follows therefore from (104) that a necessary condition for 

the convergence of *A.n consists in the convergence of t..'he series L (�)1, 

where (A.n)l = Jr x dA.n(x), by (30); so that, according to the preceding 

representation of dA.n(x), 1 

(A,)l = (c [�-�nl + I xdf'n
) . 

-1 
Suppose now that. as assumed in (139), the convolution *J.I.n is con-

vergent. Then, if (138) is applied to both series � � (t), L un (t), 

it follows from (142) that the convolution *A.n is convergent. Hence, the 

series L:, (A.n)l must converge. Consequently, if the arbitrary constant c 

o c curring in the last formula line is chosen to be c = ±1, it follows by 

subtraction of the resulting two series � (A.
n

) 1, that '2: 2 f�n} , being 

the difference of these convergent series, is convergent. Since {�nl ; o, 

this is identical with the assertion of (139). 
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40. This proof of (139), or any other application of (138) to in-

finite convolutions, assumes that, if a sequence of distributions �1,�2, •• • 
on X is given, it is possible to find spaces T1,T2, ••• on which there 

exist functions �(t1), �(t2), ••• and measures ¢l(F1), ¢2(F2), ••• such 

that (117) is satisfied and� becomes the ¢n-distribution of xn<tn>· 

But this situation can be realized for any given sequence �1,�2, ••• by 

placing 

(143) :xn<�) = �� t = X ' n n <t>n = �· 
In other words, the sequence of the spaces T1,T2,••• is chosen to be iden-
tical with a sequence x1: - 'i)l) < x1 <co ; � : - 0' < X:2 (QII ; • • • of 

copies of the line X : - � < x < c:P , and the given distribution 

!-In on the line X is chosen to be the measure ¢n on Tn = In 
. 

( cf. (1) , ( 2) , (3) and tile assumptions made at the beginning of .§ 34) • It 

is understood tl1at the field of the ¢n-measurable sets Fn on the space Tn 
becomes the field of the Borel sets En on the line �· Thus the infinite 

product measure (129) is defined by the cond�on 

(144) ¢(El•E2• •• • ) = ¢1(El) ¢2(E2) ••• , where ¢n = �� 

and will, in accordance with (91), be denoted by¢=\\ J.l.n• It applies to 

sets contained in a field generated by the sets Er ·�. • • • of the infinite 

product space xl·�· • •  • • The latter is the Cartesian space with an in

finite sequence of coordinates, one point of this space being 

(145) xl·�· • • •  = (xl'X:2' ••• ) ' where - C)O( xn <� • 
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It is clear from the definition (114) of a �distribution, that 

(13S) can, in the present case, be formulated as follows: 

(146) An infinite convolutlon '*lLn is convergent if and only if the series 

2.: � is convergent in \T �-measure on the infinite product space x1.X2• •• . 

of the points (145), where \T JAn denotes the infinite product measure de· 

fined by (144). If �n is convergent, then the distribution � = �E or 

� = �(x), which is represented by � on the line X: - oo < x < oc:1 , can be 

obtained as follows: The function 2:_ :xn' to which the series � Xb con

verges on x1·"S· . . . in lT JAn-measure, attains values x = L x: contained 

in E on an (xl'X2'···)-set having the TI JJ.n-measure �' where E is any Borel 

set on the line X. (It is understood that the function � Xb remains un

determined on an (x1,x2, ••• )-set of Tf JJ.n-measure 0). 

The assertions of (146) can in various ways be combined with Borel • s 

celebrated alternative of "either everything or nothing"; in fact, when such 

a combination is possible, (146) supplies a corresponding alternative with 

regard to properties of infinite convolutions *tln. An instance of results 

of this type wUl be given in 941. 
For the applications in question, Borel1s disjunctive principle can 

be formulated as follows: 

(147) Let lT �n denote the infinite product measure on the infinite product 

space x1.x2 • • • • of the points (145), where J.�,1,J.�,2, • •• is any sequence of dis

tributions on a line X (the infinite convolution � need not be convergent). 
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Let Q and R be two complementary "qualities" such that, except for an 

(xl,x2, ••• ) -set of Tf �-measure o, every point (�,�, ••• ) of xl·� · 

possesses exactly one of the two properties Q,R. Suppose further that, 

if (x1•, x2•, ••• ) and (�n,�", • • • ) are two points not on the excluded set 

of lltJ.
n

-measure O, and if there exists to thes:e two points an N such that 

� 1 = Xn" for every n > N, then either Q or R is assigned to both points . 

Finally, let (Q) and (R) respectively denote the set of those points 

(xl,x2, ••• ) of x1.X2 • ••• to which Q and R are assigned. Then (Q), hence 

(R), must po ssess either the lT �Jon-measure 0 or the 1\ �-measure of the 

whole (x1,x2,···)-space, i.e., the -r\�
n

-measure 1. 

The proof of this alternative depends on a detailed inspection of 

the constructive definition of an infinite product measure; it will not be 

given here. Incidentally, t:b..e fact quoted in the Remark at the end of � .38 

can readily be obtained from this alternative. 

41. As an application of (146) and (147) together, the following 

fact will now be proved: 

(14S) If every distribution Pn occurring in a convergent convolution *J4n 
is purely discontinuous, then the distribution *J.tn is pure (it can be any of 

the three pure types defined in 9 4). 
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First, the asstwption that eve�J � is ptu'ely discontinuous means, 

b §4 th t ·f 1 2 · th (inf'. ·t f. ·t b t t inl y , a , 1 Pn , Pn , • •• J.S e . _J.n� e or J.nl e, u cer c. y 

not va.cuous) sequence of the points x contained in the point spectrum, 
P (�-tn ) , of 11n, and if ¢

n 
= ¢n (E) denotes the set .. function p. = � belonging 

to the point-function f-t = f_t(x) when V = f-tn' then ¢n (pn 1) + ¢n (pn 2) + • • •  = 1 
holds for every n (the points x = pnl' Pn2, ••• are here thought of as Borel 

sets E on the line X : - <:>"< x (c:;:,o). Since, according to (143) and (138), 
the ¢-a-distribution of � is �'n' this implies tr..at the set of those points 

1 2 
x of the line X which are distinct from all the points x = Pn , Pn , ••• 

ls of ¢b-measure 0 for every fixed n. 

Let M denote the least rr:odul containing every point of every P(�'n). 
Thj s means that M is the least (at most enumerable) set containing the 

k value x = 0 e,.nd every value x = Pn , and having the property thet it con-

tains the sum and the difference of any two values contained in it. Thus 

it is clear that, if M(+)E denotes, as in § 21+, the vectorial sum, then 
M(+)E is at most enumerable whenever E is, and t£-,at M(+)E is of the Euclidean 

r:;ensure 0 whenever E is (by"Euclidean measure" is meant the ordinary Lebesgue 

measure on the x-line). 
Suppose now that "*1Jn is convergent. Then, according to (146), the 

series 2: xn converges on x1.x2 • • • •  in Tf ¢n-measure, where ¢
n 

= 1-tn' and 

the function L � of (145), thus defined on x1.Y2• • •• , has the TT ¢n
distribution '*lln· On the other hand, the purely discontinuous distribution 

�tn = ¢n on X is the ¢n-distribution of the function � of the position :xn 
on �· Hence, it is clear from the definition of the modul M, that the set 

M ( +) E lcelonging to an arbitrarily fixed x-set E has the folloi"M_ng property: 
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If the function L. :xn attein s at two points (145) of the infinite product 
x1.x2 • • • • , say at its points (XJ_1, �·, •• • )and(�",�", •• • ) , the values 

x1 and x" respectively, e.nd if the two points are such that there exists 
a� N for which xn• = xn" holds whenever n > N, then the value X= x• cannot 

be contained jn the x-set M(+)E unless the value x = x" also :is contained 

in M(+)E. This makes appUcable the alternative expressed by the assertion 

of (147). 

In fact, as pointed out before, M(+)E is at most enumerable whenever 

E is, and M(+)E is of Euclidean measure 0 whenever E is. Hence, *1-tn being 

the \\ �
n 

-cUstribution of the function L xn· on xl.x2 • • • • • , i.t is clear 

from (147) and from the definition of a ¢-distribution (cf. § 34), that, 

if E is either at most enumerable or of Eucl:!.d.ean measure 0, then the dis-

trlbution �L = �E represented by fA. = *J.tn attains for the set G = M(+)E a 

value �La wh:i.ch must be either 0 or 1. Furthermore, since the point x = 0 

is contained ln M, it is clear from the definition of a vectorial sum ( § 24), 
that every E is a subset of the corresponding G = M(+)E. Thus it is clear 

that there are only the following possibilities left: The distribut:i.on 

11 = �, where �L = �n' attcdns 

(i) the value IkE = 1 for a suitable enumerable set E; 
(ii) the va.lue 0 for eve;..-y enumerable set E but the value � = 1 fo:· a 

suitable Borel set E of Euclidean measure 0; 

(iii ) the value 0 for every Borel set E of Euclidean measure 0. 

Since (i ) , (ii) and (iii) arc precisely the properties which, accord

ing to J4, define a distribut:.on �� to be purely discontinuous, purely sin-

gular and absolutely continuous respectively, it follows that 11- = *Jln is 
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pure. The remaining assertion of (148), namely that all three cases can 

actually occur, is shown by simple examples; cf., for instance, f E2 



93 

Semi-groups 

42. If �n denotes, as in (123), the n-th partial convolution of an 

infinite convolution *J.�n, then J.l.
n+l = J.l.n * �Ln+l' by (52). In what follows, 

this process will be extended to the case in which the index n is replaced 

by a continuous parameter. The distribution sequenees (123) relate to the 

resulting continua of distributions in the same way as the multiplication 

of numbers relates to the multiplication of elements in a one-parameter 

semi-group. 

As at the beginnin g of § 2, let X be any non-decreasing bounded func--

tion, normalized by 

(149) A{- 0") = 0 and A.(x - 0) = A(x).; A.(ot1 ) <oo 

(it need not be a distribution, since (149) allows that the second of the 

three conditions (8) be violated by�= X). It will be shown that, whether 

X is or is not a distribution, there exist to A. two distributions, say �I 

and J.l.fi' such that, if �I and J.l.ri are denoted by exp X and Exp X, the trans-

o 0 0 0 forms J.l.r {y) = (exp X) (y) and �II (y) = (Exp) (y) have logarithms given by 

(150) log (exp X)0(y) = Jr (eixy- 1) dA.(x) 
and 

(151) log (Exp A.)0{y) = Sx
-2

( eixy - 1 - ixy) dA.(x) 
respectively. It is understood that, corresponding to the relation 

-2 z z (e - 1 - z)_, �' where z -7'0, the integrand of (151) is meant to be 

( -2 ixy . 2 152) X ( e - 1 - J.xy) 8 �y if X = 0 

(whether y � 0 or y = 0 ) ; so that the integrand of (151) is a continuous 

function of x and y together. Needless to say, exp and Exp denote operators, 
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turning the function A = A(x) into certain distributions, 1-tr = f.LI(x) and 

1-tii = flii(x). On the other hand, log win (150) and (151) denotes, of 
course, a logarithm of the complex number w, and the brc.nch of the loga-
rithm is assigned by the single-valued expressions on the right of (150) 
and (151). 

43. For instance, if A = e, the asserti on s are that there 

exist two distributions J,t, say 1-t = :t = :t(x) and 1.1 = e = e(x), for which the 

transform (10) becomes 

(153) 
and 

(154) 

0 
:t Jy) = e 

2 o -iY e (y) = e 

' where n = exp e, 

, where e = Exp e, 

respectively. In fact, if A. is the unit distribution (15), then, while the 

iy 2 
integral (150) reduces to e - 1, the integral (151) becomes -tY in virtue 

the 
of (152). Actually,�distributions to b€ defined by (153) and (154), the 

11Po:issonian" distribution 1-t = n and the "Gaussian" distribution iJ. = 9, turn 
out to be such as to lead, by a process of stratification, to the distri-

butions exp A., Exp A belonging to an arbitr<'!ry A = A{x). In fact, it will 

be shown that exp A and Exp A result from t( and e for every A., if an averag-

ing process (to be carried out with reference to an arbitrary weight-function, 
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depending on the arbitrc:ry A.) is combined with the two trivial processes 

defined by (17) and (16); and so, in particular, with the convolution 

process belonging to the translated unit distribution 

(155) c c 0 
e (x) = e (x - c), where log e (y) = icy. 

The existence of the two fundamental distributions, � = exp e and 

e = Exp e, can be proved directly, as follows: If n runs through all non-

negative integers, the sum of the reciprocal values of the positive nurn-

bers n!e is 1. Hence, there exists a distribution � = �(x) �1ich has at 

x = n the jump l/(n1e) and is constant for - ot>< x < 0 and for n < x < n + 1, 
where n = 0,1, • •• • According to (10), the transform �

0 (y) of this purely 

discontinuous distribution is the sum of all terms einy/(n!e). Since this 

infinite series has the sum ew/e, where w = eiy' it follows that (153) is 

satisfied by the distribution just defined. This proves the existence of 

the distribution �. It also follows that, the �mction (153) of y being 

regular-analytic at y = o, the distribution � has finite moments (�)k of 

arbitrarily high order {cf. the beginning of § 16). In particular, from 

(32) and (153), 
(156) (�)1 = 1, (�)2 = 2; hence (#] = 1, 

by (40). Moreover, �· (x) = �(x - 1), by (38). According to (16), this means 

that #•
0

(y) = eiy�y). It follows therefore from (153) that �·0(y) = 

1 l. 2 ( 2) .o ( ) 1 2 2 - 2Y + o Y , hence log � y = -zY + o(y ) , as y �  o. This obviously 

J_ 
implies that, as n � Qo, the .function n log #•0(n 2

y) of y tends to the 

function �y2 uniformly on every fixed bounded y-intervs.l, which means that, 

.o J_ 
on every such interval, the n-th power of the function � (il 2y) of y tends 

to the exponential (154). It follows therefore from the continuity theorem, 
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formulated at the end of § 10, that, in order to prove the existence of a 

distribution e satisfying (154), it is sufficient to ascertain that the n-th 
1 .o -z power of the function n (n y) of y is the transform of a distribution for 

every n. But this is clear from (82) and (17), since the function n•0(y) of 

y is the transform of a distribution, n·. Thus the distribut:lon e appears 

reduced to the distribution n. (In this regard, it is irrelevant that e 

will, in § 54 , be gtven explicitly). 

44. If X(x) = const., then, on the one hand, const. = 0 in view 
hand, 

of (149) and, on the other"' both integrals (150), (151) vanish for every y. 

It follows therefore from (15) that, if X(x) = const., the distributions as-
signed by (150) and (151) are 

(157) exp 0 = e, Exp o = e. 

If the existence of the distributions assigned by (150) and (151) has 

been established for the non-decreasing bounded functions ?-. = A.1 and X = x2, 

then the existence of the distributions assigned for the non-decreasL1g 

bounded function X = x1 + x2 follows from 

(158) exp (X1 + X2) = (exp X1)*(exp x2), Exp (X1 + X2) = (Exp x1)*(Exp X2). 
This is clear from the product rule (53), since, on the one hand, both assign

ments (150), (151) are logarithmic and, on the other hand, both are such as 

to be additive in X. 
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If a non-decreasing bounded function has a jump at x = 0, then it 

obviously has the form pe + A, where A is a non-decreasing bamded fnnction 

having no jump at x = o, anj p is a po sitive con stant , representing the 

jump given at x = 0. Since (154) and (17) imply the existence of the dis

tribution Exp (pe), it follows from (158) that, in the proof for the 

existence of the distribution Ex:p A for an arbitrary A., it will be suffi-

�ient to consider the case in which A. is continuous at x = o. It will turn 

out ti1at in this case the existen ce of Exp A can be reduced to the existence 

of exp A for an arbitrary A. (Incidentally, the existence of Exp A in the 

complementary case, where A = pe, is reduced to the existence of exp A for 

A= e� i.e., to the existen ce of�; cf. the end of �44). 
If A = \1 and A= X2 are monotone functions satisfying (149), and if 

Al * A.2(x) is defined by placing ill= A.l' I-L2 = A.2 in (48), it is clear that 

A.= A.1 �A2 is a monotone function satisfying (149). It is also clear that 

(53) remains valid for I-Ll= A.1, �2 = x2, if A.0(y) is defined by placing 

1-L =A in (10). In particular, Al * A.2(CP) = X1(oo) A2(�), since A0(0) = 

A(�). And A(�) is the total �riation of any A, since A.(-�) = 0. If X 

is any monotone function satisfying (149), let A.1, x2, • • •  be defined by 

n n-1 1 
placing A = X * X and X = X. Then it is seen by complete induction 

n n 
that (149) is satisfied by A. = X , a.11d tha.t the total variati on of A is 

o n o o 
the n-th power of A(�) = A (0), since (X ) (y) is the n-th power of A (y). 

Hence, if the trivial case A.(oo) = 0, for which exp A and Exp A are talcen 
n n 

care of by (157), is excluded, then A (x)/A. (�) is a distribution and has 

0 0 
the transform represented by the n-th power of A (y)/A (0), where n = 1,2, • • •  
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0 
According to (15), all of this remains valid for n = 0, if A. is defined 

to be e for every A.. Since the sum of the positive constants (n!e)-1, 

where n = 0,1,2, • • •  , is 1, it follows that the first of the series 

, 

n=O 

is a distribution, and that the second series is the transform of this dis-

tribution. 
w 0 0 

But the sum of the second series is e je, where w = A. (y)/A. (o). 

Hence, if A.0 is substituted from the case�= A. of (10), it follows that 

the distribution represented by the first series has a transform possessing 

a logaritlli� identical with the integral (150). This proves that the assign

ment (150) defines a distribution exp A. for ever:r monotone A. satisfying (149), 
-2 iu N ext , if h(u) is an abbreviation for u · (e - 1 - iu), then 

-1 
h(u) =-{ + o (l ) as u�±.o and h(u) = OQ u\ ) as u� too. This ob-

viously implies that, as n � 0' J 

f S x -2 (e 
ixy 

- 1 - ixy)dA. _...,) 
1/n<j xj < oo 

-2 ixy x (e - 1 - ixy) dA. 

O<lxl <01' 

holds uniformly on every fixed bounded y-interval, if A. = A.{x) is any mono-

tone function satisfying (149). But the integral on the right is identical 

with the integral (151), if A. has no jump at x = o, i.e.} if (152) does not 

contribute to (151). On the other hand, if A. (x) denotes a non-decreasL�g n 
bounded function for which dA.n {x) = 0 or � (x) = dA.(x) according as t xf < 1/n 

or \ xI > 1/n, then the integral on the left of the last formula line can 

be thought of as a complete integral (151). It follows therefore from tne 

continuity theorem, formulated at the end of § 10, that, in order to prove 

the existence of a distribution Exp A. satisfying fl51), it ls sufficient 
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to show the existence of the distributions Exp A
n

' provided that X is 

assumed to have no jump at x = o. But it was seen after (15S) that this 

assumption can be granted. Consequently, the existence of the distribution 

Exp A will be proved for every X, if it is proved for every A which is 

constant on some open interval containing the point x = o. However, if 

there exists such an interval, then there exists a non-decreasing bounded 

-2 
function, say Xo, such that dA0(x) = x dA. (x) for - �< x (QD • Hence, the 

integral (151) can be written in the form 

( ixy j (e - 1) dA0(x) + icy, where c = - f -1 x dA(x) 

(the integral defining the constant c is convergent, since A is constant 

nearx= 0). It follows therefore from (150), (155) and (53), tb..at the 

assignment (151) is satisfied by Exp A. = ce * exp A ; that is, by a dis-
0 

tribution which, according to (55), differs from the distribution exp Ao 
only in a translation. 

45. This proves that (150), (151) define distributions 

exp X, Exp A. for any monotone X satisfying (149). It will now be shown 

that any semi-group of the type indicated at the beginning of § 42 is 

expressible in terms of these distributions and of (155); distributions 

which, in turn, generate semi-groups for arbitrary choices of A and c in 

(150), (151) and (155) respectively. 

Let there be given for every value of a positive parameter t a 

distribution 1.1. t = 1.1. t (x) on the line - <>o < x (OCt in such a way that 



(160) �
u+v = �

u * �v
, 

and 

100 

{0 < u < -o- , 0 < y < oc ) 

(1601) t � � e as t--7'+0; cf. {15). 

Then the sheaf 0 < t < ot:J of distributions � t will be called a semi-group, 

and �l = {�t)t=l its generator. The latter will simply be denoted by 

� = �{x). It turns out that the correspondence between these sheets of 

distributions �t and their generators �l 
is one-to-one. Let therefore a 

given distribution � be called a generator if there exists a semi-group 

� t satisfying �l = �l. The object of the following considee.tions is the 

determination of all those distributions � which are generators. 

First, it is clear that, if h(x) is a monotone function having the 

properties (149), then th(x) is a monotone function having the same proper

ties, where t denotes any positive number. Hence, exp (tA.) and Exp (tX) 

represent distributions for every ?., and for every t. According to (15S), 

both � t = exp (tX) and � t 
= Exp (tA.) sati.sfy (160) for every fixed A.. 

Moreover, it is clear from (150), (151), {2$) and (56) , that {16o1) is 

satisfied in both cases. Similarly, it is obvious from (155) and (87) 
t ct • . that (160) and (160•) are satisfied by� = e, �f c is arb�trarily fixed. 

Finally, it is seen fro;: (56) and (52) that, if either of the requirements 

{160), (160') is satisfied by two sheaves of distributions, say by f..tt = �l
t 

and by f..tt = �2
t, then it is satisfied by the sheaf f..tt = �l

t * f..t2
t also. 

Consequently, if A.• and A." are arbitrary monotone functions satisfying 

(149), and if c is any real constant, then 

(161) 
c 

� = e * ( exp A.') -:t {Exp A. tt) 

1 f 
. t 

is a distribution representing the generator, � , o a sem�-group f..t ; 
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0 < t < t:::P. And what rlll be shovm is the converse, namely the fact that 

a given distribution, tJ., is representable in the form (161) whenever it is 

1 
a generator, tJ. • 

46. If r is any fixed positive number, then (150) and (151) 

show that the contributions of the ranges \ xl < r and IX/ > r to 
0 0 

log (exp A.') (y) and log (Exp A.") (y) are 

J (eixy- 1) dA.1 and 

\X\ $r_r 
f 

\ x\ >r 

x
-2

(e
ixy - 1 - ixy) d"-" 

respectively. Consequently, these contributions can be written as 

iay + r X -2(• ixy - 1 - ixy) dA• 0 and iby + f (e ixy - 1) d)." 
IX\ � \X 1 >r 

0 

respect:i.vely, where a and b are real constants and A.1 0, "-"o denote func

tions of the same type as the functions A.', A." , that is, non-decreasing 

bounded founctions (cf. the last fornnla line of § 44). Thus it follows 

by the rea.roning applied at the end of § 44, that the contributions of 

the complementary ranges, I xl � r and txl > r, to exp A.' and Exp A." can 
a b 

respectively be represented as e * Exp A.•0 and e * exp "-"o· It follows 

therefore from (52), (87) and (158) that, if a distribution t-t can be 

represented in the form (161), then the number c and the non-decreasing 

bounded functions A.', A." occurring in (161) can be so chosen that A.' and 

A." are constant on the interval I xI < 1 and on both of the complementary 
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half-lines, I xI> 1, respecttvely. Thus it is clear from (150), (151) and 

(155), that the representation (161) is equivalent to [ 1 . 1 
i (162) log jl0(y) = icy + ( - r) (e J.xy - 1) dA + [ x-2

(e h."Y - 1 - ixy) d)., 
-1 -1 

where c is a real constant and A denotes a monotone function satlsfying 

{149). 

Accordingly, what has been verified above is that, if there exists 

a pair { c,).) satisfying (162) for e. given distribution ��, then �t is a gener-

ator. And the converse to be proved is equivalent to the s�tement that 

there exists for eve'"ry given generator �t a pair (c,).) satisfying (162). 

Incidentally, the replace�ent of (161) by the normalized represen-

tation (162) is actually such as to make the correspondence between gen-

erators jl and the pairs (c,A.) a one-to-one correspondence. In other words, 

if (c1,A1) and (c2,x2) belong to the same jl, then c1 = c2 and x1 
= A-2• 

In order to prove this, let a = c
1 - c2 and a = A.1 - 1.2 • It then 

follows from (162) by subtraction, that 

S ls ixy 
r -2 ixy (163)0=iay + ( - ) (e - 1) da + ) x (e - 1- ixy) da. 

-1 -1 

Since A.1 and A.2 are monotone ftmctions satisfying (149), the function a = a (x) 
is 

is of bounded vari8.tion,11continuous from the left, and vanishes as x�- oo. 

Accordingly, the assertion is that (163), where ]1 dal < oo , cannot hold 

(for every y) l.Ulless a = 0 and a(x - 0) = canst. 

For a fixed real number b, integrate the identity (163) between the 
and divide by 2. 

linrlts y = b - 1 and y = b + 1� Then, if b is renamed y, the result appears 

in the form 1 
0 = ir.y + ( S- S )e

ixy
(sin x/x - 1) 

-1 
da + 

1 

r -2 ixy 
J x "(e sin x/x - 1 - ixy) da, 
-1 
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where sin x/x = (sin x)/x. If this is subtracted from (163), it follows 

that 
1 1 

O=( J - J ) e (1 - sin x/x) da + x e (1 - si n x/x) da. ixy f -2 ixy 

-1 -1 

This can be written in the form 0 = jleixy d�, where 

{ (1 - sin x/x)da(x) if Jxl > 1, 

d(3(x) = 

x-2(1- sin x/x) da(x) if lxl � 1. 

Since (1 - sin x/x) and �(1 - sin x/x) are regular at x = O, and since 

J /da/ < ao, it is clear that J ldB I <flO. It follows therefore from (19*) 

th$it f3(x- 0) = const., since 0 = J eixy dB for every y. But �(x - 0) = 

const. and the preceding formula line obviously imply that a(x - 0) = const. 

And a = 0 now follows from (163). 

46! In the parallelism referred to at the beginning of .§42, the 

relation (97) corresponds to (1601). However, while it is possible to prove 

that (97) must hold if �n is assumed to be convergent, it is impossible to 

disprove the negatio� of (1601) if (160) is supposed to be satisfied. By 

this is meant that an admission of the continuum hypothesis leads to sheaves 

I-tt which satisfy (160) and violate (1601). In fact, while every measurable, 

and every locally bounded (or half bounded) solution of the functional equa-

tion 

(164) f(u + v) = f(u) + f ( v) 
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is known to be represented by the linear functions' f(t) = f(l)t, the con-

tinuum hypothesis supplies non-measurable solutions f{t) of (164). But if 

f(t) is any 'l"eal-va.lued solution of (164), it is clear fror;- (87) that (16C) 

is satisfied by j.tt = 
f

(t)e; while (1601) will hold. only if f(t) is so chosen 

as to satisfy f (t) = o(l) = 0 (1) as t� 0. This is the reason that both 

(160) and (1601) have been required in the definition of a semi-group j.t
t

. 

According to (53) and (160), 

(165) (j.t
u+v

)
o

(y) 
= (j.tu)o(y). (!J.v)o(y). 

This implies that (j.tnt)0(y) is the n-th power of (
j.t

t ) 0 (
y

) for n = 1,2, • • •  

and for every t. On the other hand, :i.t is clear from (l6o1) and from the 

uniformity resu� t of § 10, that there exists for every p > 0 a sufficiently 
t 0 \ 1 small qp > 0 such that \(!J.) (y) > 2 whenever -p < Y < p and 0 < t < qp. 

Consequently, 

I to I 1 n (166) (j.t ) (y) >(z) if -p < y < p and 0 < t < n�. 
Since p can ba chosen arbitrarily large, it follows, by letting n � � 

when p is fixed, that 

t 0 (167) (J.t ) (y) � 0 for - oo < y < oo and 0 < t < co • 

According to § 10, every transform is a continuous function of y. 

Hence, if a trP�sform is distinct from 0 for every y, there exists for 

- � <  y <oo exactly one continuous function representing a logarithm of 

the transform for every y and attaining the value 0 for y = 0; cf. (12). 

This, when compared with (167), defines 

(168) 
t 0 r7(t) =log (J.t ) (y), (f (t) = 0), 

0 
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as a unique continuous function of y for -�< y <QO, if tis fixed. On 

the other hand, (165) means that the function (168) satisfies (164), if y 

is fixed. But (166) and (11) imply that the solution (168) of (164) is 

bounded on every bounded t-interva1, if y is fixed. Consequently, (168) 

is a linear .function of t for every fixed y; so that f
y

(t) = fy(1)t. If 

this is substituted into (168), it follows from (165) that 

(169) 
t 0 0 t 1 

(J.l) (y) = (J.l (y)) , where f:A. = J.l ; 
so that, according to (167), 

(170) 0 !A (y) :f 0 for - oo< y < t::P. 

It is understood that the exponential,( )t 
= et log ( >, on the right of 

(169) is defined in terms of the continuous logarithm specified by (168). 

Accordingly, (160) and (1601) together are equivalent to (169). 

In fact, it is clear from (28) and (15) that (160•) is implied by (169). 

It also follows from (169) and (170) that 

t 0 (J! ) (y) - 1 
(171) 

t 
�log J.l0(y) as t �0 

holds uniformly on every fixed bounded y-interval (in fact, both w = J.t0(y) 

and 1/w are bounded, and therefore (wt - 1)/t _..:,.log w holds uniformly, 

on every such y-interval ) . 

47. These results, proved for an arbitrary semi-group J.lt, will now 

be used in order to prove that every given generator I! = 1.1.1 is representable 

in the form (161). 
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In terms of the semi-group which is generated by a given � = �1, 

define, for every fixed t > 0 and for - oo < x < 00 , two monotone functions, 

and 

(173) 
t-1x2d�t(x) if lx) < 1, 

dX" (x) = t 0 if \X\ ) 1 

(where d = �). Since �t, where tis fixed, is a distribution, it can be 

assumed that (149) is satisfied by both A = A't and A = A"t• 

According to (172) and (173), the logarithms, (150) and (151), 

of the transforms of the distributions exp A.'t and EJq) A."t are respectively 

represented by 
1 1 f ixy t ) (e - 1)d� (x) 
-1 -1 s and t · 

-1 

Hence, if c
t 

is an abbreviation for 
1 

(17.3) ct = t
-1 f x d�tt(x), 

-1 

ixy t (e - ixy - 1) d� (x). 

the sum of these two logarithms is identical with 

-
1 f ixy t t (e - 1) d� (x) - ict3'J 

and so, in view of (10), (12) and (155), with 
c 

-1 t 0 -1 t 0 t (� ) (y) -t -log( e ) (y). 

Accordingly, the sum of the logarithms of the transforms of the three 
c 

distributlons te, exp A't' Exp A,nt is identical with the quotient on the 

left of (171). Since the relation (171) holds uniformly on every fixed 
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bounded y-interval, it follows that the same is true of the relation 
Ct 0 0 0 0 (174) ( e ) (y).(e7.})A't) (y) • (Exp "-\) (y) -7 1-t (y) as t -7 O; 

a relation which, according to (82) and (28), is equivalent to 

(175) (\) * (exp "-'t) * (� "-''t) � � as t �o. 

While (175) indicates, it does not in itself imply, the exist
the 

ence of a representation (161). However, ,_transition from (175) to (161) 

can now be based onthe estimates (21), (22). 

48. First , (22) and (21) show that, if t and r are arbitrarily 

fixed, r r 

( f- r) dfl\•) and s x2 d�t(x) 
-r -r 

are respectivelymajorized by the maximum of4/l- (�-tt)0(y) / on the inter-

val -1/r � y � 1/r and by the minimum of 3 11- (�t)0(y)J/y2 
on the same 

interval. If r > 1 in the first case and r = 1 in the second case, these 

estimates can, by (172) and (173), be written as 

r 
(176) ( S- ( ) dA,' (x) < t

-1 
Max I 1- (�t)0(y) { , ) t -l/r�y�1/r -r - -

and 
1 

f f 2 -1 \ 
t. 0 ( 2 (177) = x dA."t(x) � Jt Min 1 - (� ) (y) /y - -l<y < 1 -1 � = 

(r > 1) 
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respectively. But (171) holds uniformly on every fixed interval 

-1/r � y � 1/r, and (170) shows t hat t he function on the right of (171) 

is a continuous function which, according to (12), vanishes at y = 0. 

It follows therefore from (176) and (171 ) that the total variaticn of 

A. 1 t (x ) on the exterior of the interval -r < x < r t ends to 0 as t � 0 

and r � � • It is similarly seen from (171) and from (177), or rather 

from the proof of (177), that J x2dA."t(x) = 0(1) as t�O. Actually, 

this 0-estimate is equivalent to J dA''t(x) = 0(1) as t � o, since,ac

cording to (173), the functions A. =  "-"t are constant for -o< x < -1 

and for 1 < x < 00 • 

Since both A.= A't and A= A.\ are monotone functions satisfying 

(149) for every t, it follows that, as t � 0, the functions A. 1 t and A" t 

are uniformly bounded for - oo < x <-oa • Consequently, Helly' s selection 

theorem is applicable. It supplies the existence of a sequence t1,t2, • •• 

and of two monotone functions, say A. 1 and A.", such t hat t ._;, 0 as n � -.:P , n 
both A. = A 1  and A. = A." satisfy (149) and, if A1n' A."n respectively denote 

the function s A.'t' A"t belonging to t = tn, the functions A'
n

' A"n tend 

to A 1, A" at every continuity point of A' = A' (x) , A11 (x) respectively. 

In addition, the total variation of the monotone function �.'n 

on the exterior of the interval -r < x � r tends to 0 uniformly for all n, =' -

as r � oo • Since A.'n tends to A.' at every continuity point of f.' = A.' (x), 

this implies that, as n _....:;, � , the integral (150) belonging to A. = /, 'n 

tends to the integral (150) belonging to A. = A.1; so that 
0 0 ( 178) ( exp A. 'r) ( y) � ( exp A.') ( y) • 
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On the other hand, the monotone functions "-"n are uniformly bounded for 

- o- < x <oP and are independent of x for - OD < x < -1 and for 1 < x < oo • 

Sjnce "-"n tends to A." at every continuity point of A." = A." (x) , this implies 

that, as n � Qfi1, the integral (151) belonging to A. = "-"n tends to the 

integral (151) belonging to A = A."; so that 

(179) (Exp "-"n)o(y)� (Exp A.") o (
y

)
. 

According to (150), (151) and (170), the limit functions occurring 

in (178), (179) and 
(174) are distinct fro� 0 for every y. It follows 

therefore from (178), (179) and (174) that, if t = tn, the first factor on 

the left of (174) must tend to a limit as t = tn� O, i.e., as n �QO. 

Since this holds for every y, it follows from (155) that there exists a 

constant c such that, if en denotes the value ct belonging to t = tn' then 

en____. c, i.e., 
c 

(lSO ) 

that 

n o c 
e (y) � e(y). 

In view of (56), (53) and (28), the relations (180), (178) ireply 

en c 
( e ) * 

( 
exp A. 1 ) * 

( 
Exp A." ) � ( e ) * ( exp A 1 ) * ( Exp A.") • n n 

If this is corr:pared with (175), where t = tn, it follows that ll can be 

represented in the form (161). 

Incidentally, it is seen from the proof that, in the analogy men-

tioned at the begirJing of .§ 42., the three members on the right of (161) 

are paralleled by the three series (ill ) . 
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Inversiol!lB 

49. In view of (19), there arises the question as to the existence 

of an explicit inversion formula for (10); that is, of a formula represent

ing an arbitrs.ry distribution !l = !J-(x) in terms of its transform Jl0 :; Jl0(y). 

In order to obtain such a formula, it will first be verified that 

(181) 1 - 2.--e-1 S si (rt - rx) d��(t) � �t(x + 0) + �Ao(x - 0) as r� Ofl; 

where 

00 

S = S and si (u) = 

-c:P 

Since �t(OD) = 1, 

gration shows that 

u S v -l sin v dv. 

0 
�J.(- <::P) = 0 and si(± oo) 

(182) f si(rt) d!J.(t) = � - f �Ao(t)t-1sin rt dt. 

a partial inte-

Since !A- is monotone and bounded, it is clear from the second mean-value 

theorem that, for every fixed a > 0, the contribution of both half-lL11es 

- oe < t < -a, a < t (co to t..ile integral on the right of (182) tends to 0 

as r ____.. oe> • On the other hand, since �J.(t) = !J-(±0) + o(l) as t�±O, 

the contribution of the interval -a � t � a is 

a 0 a 

�(+0) 5 t-1
sin rt dt + �(-0) _) t

-1
sin rt dt + Jo(1)t-1 sin rt dt, 

0 � � 
u 

which, s-ince si(u) = j v-l sin v dv, can be written in the form 
0 ar 

�(+O)si(ar) - �(-0) si(-ar) + � o(1) t-1 sin t dt, 

-ar 

Since I t -l sin t / � 1 and si(± oo ) = .!li;tt, it is clear th'it a can so be 

chosen as a ftmction of r that, as r�oo, tl1e function a tends to 0, 

the product ra to c:p , finally the expression in the last formula line 

to �(+0) + � [J.(-0). 
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If all of this is substiv�ted into the integral on the right of 

(182), the identity (182) proves the particular case x = 0 of (181). But 

the case of an arbitrary x can be reduced to the case x = 0 by shifting 

to t = x the origin of the t��is on the left of (181). Hence, (181) is 

true for ever;� x. 

There is a similar relation for the case where the sum on the 

right of (181) is replaced by the correspondli1g difference, i.e., by the 

(non-negativ�) jump of the distribution � at a point x; in fact, 

(183) J sin (rt - rx) 
djJ.(t) -7 f.t(X + 0) - f.t(X - 0) 

rt- rx 
as r --7 �. 

In contrast to the proof of (181), which depends on the second 

mean-value theorem, the proof of (183) requires only the first 1nean-value 

theorem. In fact, since Jl d�t(t) I < 0"" and /sin I < 1, this theorem implies 

that 

(184) -lJ -1 
r t sin (rt) d�t( t) 

a 

= r-1 f t-1 sin(rt) 

-a 

d� (t) + o (l ) as r �oD 

holds for every fixed a > 0. On the other hand, since �-t-Ct) --;..!J.(±O) a 

t--+ ±9 cmd z -l 
sin z � 1 as z � o, it is clear that a can so be chosen 

as a function of r that the expression preceding the o (l) on the right of 

(184) tends to �t(+O) - �(-0) as r � �. It follows therefore from (184) 

that (183) is true in the case x = 0. Finally, the case of an arbitrary 

x can be reduced to the case x = 0 by shiftli1g to t = x the origin of the 

t-axis on the left of (183). 
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50. As a corollary of (lSl), it will now be verified �1at an 

ex-plicit inversion of the transformation (10) of a distribution !A. into its 

transform !J.0 is given by r 

= const. + �� lim J 
r-ldJ 

(1S5) 
�(x + 0) + �(x - 0) 

2 
-r 

1 -ixy - e 
iy 

for every x (the numerical value of the constant follows by placing x = 0). 

Correspondingly, (183) will lead to an e)Qlicit representation of the (non-

negative) jump !L(x + 0) - !J.(x - 0) in terms of the transfoiml, namely to 

(186) �(x + 0) - �L(x - 0) = lim .J:_ 
r-iP<e 2r 

r s e-ixy 1-Lo(y) dy. 

-r 
-z Since (1 - e )/z ---T 1 as z �O, the integr:md on the right of 

(185) remains continuous at y = 0, and so the existence of the integral on 

the right of (185) is obvious, if r <oo. On the other hand, the existence 

of the limit on the right of (185) is part of the st.."i.tement. And thls limlt 

caBnot in general be replaced by the Lebesgue integral, � , over the line 

- �< y <oo. In fact, it cannot in general be replaced by the ordinary im

proper integral ) ; that is, by the limit of the contribution of the range 

-p � y � r as r and p tend to � independently, rather than so as to be - -
subject, as in the "principal" integral (185), to the restriction r = p. 

In order to prove the necessity of this restrictlon, it is suffi

cient to show that, if the contribution of the range -r < x < 0 is omitted 
= = 

in (185), the resuJ_ ting integral over the range 0 � x � r need not have a - -
limit as r � oo But, if x = 1 and �J.0(y) = cos y, then the imaginary 

part of the integral just mentioned is 
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r 

- f (1 ) -1 - cos y y cos y dy = Const. + o(l) 

r f -l 2 - y cos y dy -7P - 00 
0 1 

as r --7 -:::;10 • Hence it is sufficient to ascertain the existence of a 

distribution jl(x) for which �t0(y) becomes cos y. But (10) shows that 

such a �t(x) is represented by tl1e step-function which is o, � or 1 accord

ing as - �< x < -1, -1 < x < 1 or 1 < x < oo • 

On tne other hand, the limiting average on the right of (186) always 

exists, and has the value represented by the left of (186), even if the 

range -r � y � r, its length 2r and the limit proces 2r�oo are replaced 

by a range u � y � v, by its length v - u and by the limit process v - u _....:;. � 

respectively (so that not only u = 0, v�<QO, or u�-QC, v = 0 but, if 

v - u, � oo , even u � <:::10 , v � <>0 or u -7P - <:>0 , v�--oo 

are allowed) . However, this generalization of (186), which is proved in 

exactly the same way as (186) itself, will not be needed. 

51. The symmetry restriction in (185) will be used by writing the 

integral (185) in the form 
r r 
( ( 1 ft -ixy 0 ixy 0 11 ) = 

J 
iy t (l - e ) jl (y) - (1 - e ) ll (-y)J dy. 

-r 0 

Replace x in (10) by t and substitute the resultin g representations of jl0(y) 

and j.L0(-y) into the last formula. This gives 
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5 f 1 
{{ ity -ity I i(t-x)y i(x-t)y J = iy (e - e )dj.L(t) - (e - e ) dJ.t(t) dy, 

-r 0 

that is, 
r r 

J = 2 J f y-1 

-r 0 

Jsin(ty) dJ.t{t) - y-l Jsin(tx- ty) dp.(t)} dy. 

Since ( sin z)/z remains continuous at z = 0, and since r <<X:> and 

Jl dj.L ( t ) I < oo , the order of integrations can be interchanged here. 
r r r 
J = 2J { J y-l sin(ty) dy- J y-l sin(tx - ty) dyJ dJ.t(t) 

-r 0 0 
u 

or, since si(u) = J v-1 sin v dv, 

0 

r J = 2Jsi(rt) dJ.t ( t ) - Jsi(rt- rx) dJ.i(t). 
-r 

Thus 

Since this is identical with the integral on the right of (185), the asser-

tion of (185) follows from (181) and from the case x = 0 of (181). 

Similarly, if x in (10) is r�placed by t, the integral on the right of 

(186) appears in the form 

J = J f e -ixy J•ity dJ!( t) + e iry j e -ity dJ;(t)} dy, 

-r 0 which can be rearranged into 

r r 

J = J { J (e i(t-x)y + ei(x-t)y
) 

-r 0 

r 
dy J d�(t) =j { J 2 cos (t - x)y dy J clJ;(t). 

0 
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Since the interior integral, [ } , is 2r times the integral on the left 

of (183), it follows that (186) is identical with (183). 

52. For a given distribution �' let �' as before (17), denote the 
-1 

distribution given by �t(x) = 1 - fL(;...x) at all of its continuity points. 
-1 

Then an x is in the poi1'1t spectrum of p. if and only if -x is in the point -1 
spectrum of�· It follows therefore from (72), (68) and from the definition 

of a vectorial sum, that the point spectrum of � is vacuous if and only if 

x = 0 is not in the point spe ctrum of lA. * 1-l• Hence, if � and x in (186) -1 
are replaced by �t * � and x = 0 respectively, it is seen from (54) that 

-1 
the condition 

(187) 
r 2 ) 1 �o(y) J dy = o(r) 

0 

as r � oo 

is necessary and. sufficient in order that the distribution 1-l be continuous 

in the sense of § 4. It follows that 
r 

(188) ) 1 �0(y) \ dy = o(r) if and only if � is continuous. 

0 

In fact, it is clear from (11) that ��e a-condition of (188) implies the 

o-condi tion of (187) ; while the converse inference is clear from Schwarz's 

inequality. 

A corollary of (188) is that 
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0 
� (y) = 0, then � is continuous. 

But it will be shown in § 63 that 

(190) the converse of (1S9) is false. 

On the other hand, a weakened form (189) has a converse, represented by 

the Riemann-Lebesgue lemma, according to which 

(191) 0 if � is absolutely continuous, ��en lim � (y) = 0. 
"'.l .... :!:."'O 

But :tt will be shovm in E 64 that 

(192) the converse of (191) is false. 

As to (191), it is clear from (10) that, if� is absolutely con-

tinUO'lS and has a density l..t' (x) which is constant on an interval and van-
o -1 

ishes outside this interval, then � (y) = 0(\ y\ ) = o(l) as y � ± oo. 

Hence, the same is true if �·(x) is a step-function, having a finite num-

ber of intervals of constancy and vanishing outside a bounded interval, 

say -r < x < r. If 1-L is any absolutely continuous function, and if f.t0(y) � = r 
is defined so as in § 10, then 

o r( ixy J o !A {y)r =) e �·(x) dx; hence 11 (y)r 
-r 

r r 

- ) • l:xy r<xl dxj � _f il'' <xl - r<xl 1 ax, 

-r -r 

where f is any L-integrable function on the interval -r < x < r. Since �J" 1 (x) .:::: = 

is L-integrable, there exists for every e. > 0 a step-function f = f having e. 
a finite number of intervals of conat.s.ncy and such that the integral on 

the right of the inequality of the last formula line becomes less than e. 

Finally, it is clear from § 10 that there exists for every e > 0 an r = re 
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such that j!-'-0(y)- p.0(y)) < s for every y. This, when combined with the 

inequality in the last formula line, gives. 

o 
r ixy 

!1-1- (y)j < s + e + { � e f(x) dx j for every y. 

-r 

-1 
Since the last integral was seen to be 0 (I y I ) = o (1) as y � ± -oo, the 

proof of (191) is complete. 

There is no explicit criterion necessary and sufficient fer 

0 transforms� (y) belonging to abso�1tely continuous distributions �(x). 

On the other hand, it is seen from (10) and frorrc Plancherel1a completeness 

theorem, that a transform does or does not belong to an absolutely con-
2 tinuo·Js distribution fL(x) having a density !-L' (x) which is of class (L ) on 

the line - oo < x < 00 according as fL 0 (y) is or is not of class (L 2) on the 

line - '>P< y <oO. 

In particular, the eY...isten ce of an e > 0 satisfying �t0(y) = 
J--s 

0 (I y I 2 ) as y � ± oo is sufficient in order that �t be absolutely con-
this 

tinuous. It can be shown tha to'\ is false for every e < 0. 

53. Thus it is of interest that 

(193) J I fL0(y) I dy < OQ 
tun1s out to be sufficient for the absolute continuity of �· In fact, (193) 

is sufficient in order toot �L(x) should possess a density !.t' (x) which is 
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continuous for - t:::P< x < t:P and tends to 0 as x -?- ± 00 • 

In order to see this, it is sufficient to observe that, if (193) 

is satisfied, then integral (185) and the integral j e-ixy �0(y) dy, 

whlch results by differentiation of (185) beneath the integral sign, are 

uniformly convergent for - OD < x <oo and represent therefore continuous 

functions of x. Hence it is clear from (185) that, if (19.3) is satisfied, 

(10) can be written in the form 

(194) 

where 

(195) 
1 f -iyx 0 

�'(x) = 2ff e �b (y) dy. 

Finally, a repetition of the proof of (191) shows that (19.3) and (195) 

imply that j-t' (x) -7 0 as x � ± -oo. 

It may be mentioned that, since �t(x) is supposed to be a n:onotone 

function satisfying (8), the conditions under which the "Fourier inversion", 

(195), of (194) was just established are syi!lliietric in x and y; in fact, (19.3) 

is paralleled by J1 !J.1 (x) I dx < oo , since S 1 �b 1 (x) ! dx = 5 d�t (x) = 1. Further

more, it was shovm in § 10 that �-t0(y) is always continuous. Finally, 
0 �t (y)---?> 0 as Y�± �,by (191). 

(196) 

If the as sumption (19.3) is replaced by 5 k 0 
l Y\ I 1-L (y) I dy < 00' 

w�ere k is a non-negative integer, then the integrals which result by m-fold 

formal differentiation of (195) are uniformly convergent for - 'oo < x <oo, 

if m $_ k. Consequently, (196) is sufficient in order that p.(x) should haTe 

a continuous density possessing continuous derivatives of any order not 

exceeding k. Since all these deriv2.tives ca11 be obtained by differentiating 

(195) beneath the integre..l sign, it follows by a repetition of the nroof of 
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(191), thc;t all these derivc.tives tend to 0 as x-':> ±.oo. 

T'ne existence of some q > 0 satisfying 

(197) f.4°(y) = 0( lyl-k-l-q) as y �±.(X) 

is sufficient for (196). In p&rticular, the existence of some p > 0 

setisfying 

(198) pt0(y) = O(exp(-/y/p)) as y �±.ex:> 

is sufficient in order that (196) be sa.tisfied for every k; so that �" 1 (x) 

then has der:ive.tives of arbi tr�'.rily high orde::c for - co  < y < oo • But the 

formal Taylor series of pt1(x) at x = 0, i.e., the _;lower series 
00 <:>0 

(199) I pt(n+l ) ( O )  xn/n! = (2;1()-l �(-l)n Jyn �t0(y) dy xn/n!, n=O n=O 
cc:'n then be divergent for every x -:j. 0. In fact, it will be seen in §54 
that there exists for every p < 1 e. distribut:ion 1-4 satisfying (198) but 

rendering the series (199) divergent for ever; x -:j. 0. 

However, jf (198) is satisfied for p = 1, and, more generally, if 

there exists a positive q satisfying 

(200) pt0(y) = O(exp(-q/yl)) as Y--7 :±,oo, 

then �t 1 ( x ) is regular-analytic for - ao < x <co • In feet, there must then 

exist in the strip lvl < q of the w-plane, where w = x + iv, a regular-

analytic function which is identical with �t 1 (x) on the real axis. In addi-

tion, this regular-analytic continuation must then be bounded on every 

strip lvl < r, if r < q • .All of this follows by observing that the inte-

gral \'>hich reeul ts by replacing x by w = x + iv in (195) is uniformly con-

vergent, and represents a bounded function, on the strip lv/ < r, if r is 

less than the constbnt q for which (200) is supposed. 
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If (198) is satisfied by some p > 1, then (200) is satisfied 

by every q, and so !J-1 (x ) nmst then possess an analytic continuation which 

is an entire function. In addition, the latter must then be bo1mded on 

every fixed strip parallel to the real axis. Finally, the order of tnis 

entire fuu1ction cannot exceed pf(p - 1). Tnis is readily verified from 

Stirling's formQla, since (19S), where byJassumption,lp > l fimplies that 

the coefficient of x
n in (199) is majorized by a constant �tiple of 

Cl' 
(201) J yn exp ( -y

p ) dy = p
-l � ( [n + 1] /p)/n1. 

0 

54. As an illustration, consider the distribution f-1. = �tp for 

which the transform is exactly 

(202) 0 p 
�P (y) = exp(- \YI ), 

provided that � exists. This proviso is necessary, eince the ftu1ction of p 
x which results if (202) is substituted into ( 195 ) can attai.."r'l negative 

values and, therefore, fail to be a density. 

Act�ally, the distribution �
p 

cannot exist if p > 2. In fact, 

(202) implies that �p0(y) - 1�- IY\p as y� 0. Hence,the a-condition of 

(20) is satisfied whenver p > 2. 

exists for a p > 2, then !J.p = e:. 

Consequently, (20) states that, if �p 
0 

But then �p (y) = 1 for 
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ally, by (15). And this contradicts (202), the limiting case p = 0 being 

excluded by p > 2. 

It will from now on be e.ssumed that 0 < p � 2. The existence of the 

distribution J.Lp for every such p will be proved in §56. Let this be granted 

for the present. 

Since (202) is an even function, the coefficient of (2A.)-1 xil in (199) 

is 0 or 2in times the integral (201) according as n is odd or even. Accord-

ingly, the Taylor series at x = 0 for the density of 1-Lp is 

(203) 
00 00 "'" (n+ 1) D 1 1 ""'" D L J-1. (O)x /n. = np L. (-1) 

n=O P n=O 

r< [2n + 1] /p) 
r (2n + 1) 

.According to Stirling's formule, the radius of convergence of (203) is 0 

or oo according as p < 1 or p > 1. This agrees with the end of §53. 
In the limiting case p = 1, the radius of convergence of (203) is 

neither 0 nor oo and the density is seen to become 

(204) 

( for all x). 

l-l-1' (x) = l 1 
# 

This rational function becomes singular at the points �i, 

2n X 

points having the distance 1 from the origin . Since (200) is now satisfied 

by q = 1, it follows that the conclusions drawn from (200) in § 53 cannot 

in general be improved. 

r .1. -2n r If p = 2, then, since (n + i) = n22 (2n + 1)/n!, 

(205) I-L2'(x) = tn-i exp(- ltxl2). 
If the case p = 2 of ( 202 ) is compared with (154), it is seen from 

(10) and (17) that (205) is equivalent to 
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_:\,. 2 e•(x) = (2�) 2 exp (�x ) , where 6°(y) = exp (-�?). 
Since substitution of (202) into (195) shows that 

-lr tP �'p(x) = � e- cos (xt) dt, (206) 

0 

the density �p' (x) is an even function for every p. It can therefore be 

assumed that x > 0. :::: 
A partial integration of (206) gives 

� 
( -t

p 
�p'(x) = �-lp J e tpS(xt) dt, where S(z) = 

0 
(sin z)/z. 

1/p 
Hence, if t is replaced by (t/x) for a fixed x > 0, it follows that 

(207) -1 p p+l �p'(x) = � a (1/x )/x , 
p 

where ap(z) is an abbreviation for 
"00 S -zt 

(208) a (z ) = e sin 
p 

0 

1/p (t ) dt. 

p (x > 0), 

If p < 1, the Laplace transform (208) is convergent at z = 0 and 

has there the value �(0) = r (p) sin <!�); so that, since the integral 

analogue of Abel
j
s continuity theorem ensures that a (+0) = a (0), there 

p p 

results the limit relation a (e) __. r (p) sin (�) as e �+0. Actually, p 
. ta :tns �nee 

it is easily verified fron (208), for�by residue calcu�us, that (in accord-

ance with Heaviside1s ideas) this limit relation remains valid for the case 

p > 1, i.e., for the case in which the integral ap(O) is divergent. Con

sequently, from (207), 

( ) 
n+l -1 I,-, 209 r �P' (x) -:, it (p) sin (�) as x � <:>"'. 
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If p < 2, the constant on the right of (209) is positive, 

r p-e 
and so (209) implies that J t x \ clJ.L (x) <tOO if 0 < p - e < p but p 
J I xlp clJ.L (x) = � (if p = 2, then (204) shows that the situation is p 

quite different). It follows, in particular, that the second moment, 

r � d.J.Lp (x), is � for every p < 2. This is implied by the easier 

results of §12 also, since, if p < 2, it is obvious from (202) that 

there cannot exist two constants, c0 (=1) and cl' satisfying (.34) for 

n = 1. 

55. In order to discuss the analytic character of r.t •, it can 
p 

be assumed that p < 1, since �p
' is the rational function (204) or the 

transcendental entire function (20.3) according as p = 1 or p > 1. 

If p < 1, then, while �p'(x) has derivatives of arbitrarily 

high order for -<:» < x <oo , the series (20,3) diverges for every x � o. 

More than th:ts will now become understandable from (207). In fact, it 

will be shown that a (z) is a transc endental entire function, if p < 1. p 
Needless to say, the Laplace expansion (208) of this entire function is 

divergent on the left of the imaginary axis. But it turns out that, if 

p < 1, the function defined by (208) on the right of the imaginary axis 

possesses the analytic continuation 
CO CP 

(210) �a (n)(O)zn/nl = p � (-l)n � ( [n + 1] p) 
n=e P n=O. 

sin (� [n + J}p) zn/n1. 
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If p = �' then (210)can be contracted, corresponding to (205), 

into 
2 � 

(211) ! -(!z) � n 2n+l 2ai(z) = (�) e - i-_(-1) n!z /(2n + 1)1 • 
n=O 

In order to prove (210), where p < 1, let q and r be positive 

constants and let 
1 . p J f (z) dz, where f(z) 

c 

q- �z-rz 'b 
= z e , (z > 0 for z > 0) 

be applied to the contour C consisting of the two segments and two cir-

cu.lar arcs 

z· = t, z = it; 
jJjJ jrf> z = ee , z = Re , 

where 0 < e < t < R < oo and 0 � ¢ S �. Since q > o, r > 0 and 0 < p < 1, - -
it is readily ascertained that the contribution of the two circular arcs 

to the contour integral tends to 0 as e � 0 and R � QO • Hence, the 

integrals of f (t ) and of if ( it) over the half-line 0 < t <eo have a com

mon value. Thus,by definition of f(z), 
� 0<0 

( 21� ) s -rt
p q-1 it �qi J -t-rtq

cos!KP q-1 -irt
q

sin� � e t e dt = e e t e dt. 

0 0 

Since p > 0, the n-th derivative of the regular-analytic function 
represented by (20S) in the half-plane to the right of the imaginary axis 

can be obtained by differentiating (208) beneath the integral sign. Thus, 

if z = r > o, oo 00 

a
p

(n ) (r) n S -rt n 1/p n ( -rtP (n+l)p-1 
= (-1) e t sin(t ) dt :: (-1) p Je t sin t dt, 

0 0 
if t is replaced by tp. Hence, by the imaginary part of (212), 
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00 

ap 
(n) (r) n -t-rt cosiuP (n+l)p-1 p f. 

p 
= (-1) p e t sin(�[n+l] p - rt sin �) dt, 

0 
where (n + l)p = q and 0 < r < • Since 0 < p < 1, it follows 

QO 
( I <n> I f -t (n+l)p-1 r 213) ap (r) < p e t dt=: p ( [n+l] p) for 0 

0 
and that ap (n ) (r) therefore tends, as r -7 +0, to the limit 

co 
n J -t (n+l)p-1 (-1) p e t sin (� [n + 1] p) dt. 

0 

that 

< r <00 

(n ) 
In view of Rolle's theorem, this implies that the derivative a (0), 

p 

when thought of as a right-hand derivative, exists an� has the value 

represented by the last formula�line, i.e., by the value formally 

assigned by the assertion (210). 

Finally, since (208) represents a regular-analytic function in 

' 

the half-plane to the right of the imaginary axis, a (z) can be developed 
p 

in the vicj�ity of every z = r > 0 into a power series, 
� 

a (z) =�a (n)(r)(z - r)
n

/nl, p n� p 

having a radius of convergence not less than r. But (213) shows that this 

power series is dominated by one which, in view of Stirling1
s formula, is 

convergent in the whole ( z - r)-plane, since 0 < p < 1. Consequently, 

a (z) is an entire function. Hence, (210) represents a (z) for every z. p p 
It p > 1, then (210) diverges for every x f 0, as (203) 

does in the case p < 1. If p = 1, then (210) converges in the circle 

l z r < 1 to the function 1/(1 + z
2

); so that (207) becomes the standard 

functional equation of the rational function (204). Finally, (203) and 

(210) are transcendental entire functions of the respective orders 

(l - p-1)-l, (l- p)-1 in the complerr:entary cases p > lJ p < 1. 
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If p > 1, then (210) diverges for every x � 0, as (203) does in tAe 

case p < 1. If p = 1, then (210) converges in the circle \z\ < 1 to the 

function 1/(1 + z2); so that (207) becomes the standard functional equation 

of the rational function (204). Finally, (203) and (210) are transcendental 

entire functions of the respective orders (1 - p-1)-1, (1 - p)-1 in the 

complementary cases p > 1, p < 1. 

56. What remains to be shown is the existen ce of a distribution � 
satisfying (202), where 0 < p �2. 

It turns out that, in order to prove the existence of �p for a given 

p, it is sufficient to ascertain the existence of �distribution A = A 
p 

satisfying the relation 
0 

(214) i..P (y) = 1- y P + o()y\P) as Y-7 0 

(this relation is satisfied by (202), if � = �
p

is known to exist, but it 
can easier be ascertained for� � than in the explicit case required). 

In fact, since (214) is equivalent to log AP 0(y) = - y p + o(f Yl p), it 
implies that, as n � � , the function n log i..p0(n-l/py) of y tends to 

p 
- 1 yj uniformly on every fixed bounded y-interval. Hence, if the existence 

of a distribution Ap satisfying (214) is kno�m, it follows, in exactly the 

0 -1/p 
same say as at the end of § 44, that the n-th power of X (n y) is the 

p 

transform of a distribution, and that the latter tends, as n � oo 1 

to a distribution� satisfying (202). p 
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In accordance with the general ren;ark made at the beginning of § 13, 

the satisf.:,ction or violation of (214) by a given distribution A = A.(x) 

depends, in the main, on the behavior of A(x) as x � ±. oo. It turns out 

that the behavior necessary for (214) is tTt-Jified by the distribution A(x) 

having the density 

(215) A'() 
l-H. 

p X = C /(l + �)2P 2 
p ' ( CP = const.), 

if either 0 < p < 1 or 1 < p < 2. The remaining cases, p = l and p = 2, 

are t�cen care of by (204) and (205). It is understood that the numerical 

value of the constant Cp is determined by the condition j( dAP(x) = 1. 

According to (215) and (10), the transform is 

(216) J
QC) 1 1 

Ap0(y) = 2Cp (l + �)-2p-2 cos (xy) dx, 

and can therefore be expressed 

(216 bis ) 
1 (!z)qK (z) = �-2 

q 

0 
in terms of the cylinder function 

00 1 
r (q + !) f (1 + t2) -q-;; cos (zt) dt; 

0 
q > o. 

If x is replaced by xy for a fixed y f. o, and if it is assumed, with-

0 
out loss of generality, thr:t lyl = y, it is seen that the ratio of 1- Ap (y) 

to yP is a positive constent rrultiple of 

1 J<:l() 
l 1 

Y- Y-p (1 + x2/y2}-2P-;; 
0 

. 2 
s:Ln 

1 " 2x ax. 

Hence, in order to show that (214) becomes sctisfied upon a sui tc1 ble choice 

of the unit of length on the y-axi s (or, what according to ( l 7) , is the 

same thing, upon the n;ci::Jrocc:,l choice c.f the unit ,)f length on the x-axis), 
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it is sufficient to verify that the eX'pression in the last formula line 

tends to a positive limit as y �+o. But this becomes clear in both 

cases, 0 < p < 1 and 1 < p < 2, if the integration range 0 � x < oo is 

split at x = 1. 

This completes the proof for the existence of the distributions 

14p implidtly defined by (202), where 0 < p � 2. 

56 bis. It is by no means obvious that all those distribution s fkp 

exist for which the condition p � 2, imposed by the trivial restriction (20), 

is not violated ( c�. the be ginning of § 54). In order to see this, suppose 

that {202) is replaced by the assignment 

(202 bis) 1-t 0(y) = Max (0, 1 - /y/P), 
p 

where p > 0. Then, since the expression on the right of (202 bis) is 

1 - ly/p or 0 according as I y f � 1 or ly I � 1, the restriction (20) imposes - -

again the condition p � 2 only. But it turns out that even the ra.nge 1 < p 

s_ 2 must now be excluded, since otherwise the distribution fkp assigned by 

(202 bis) does not exist. 

Suppose that this distribution exists for a given p. Then, since 

(202 bis) vanishes for large lyl, it follows from the criterion found at 

t... b . . f' § 5- t' t h d . t t d b (195) •• e eg1.nn1.ng o� .:: , na IJ.p as a .ens1. y represen e y • 

substitution of (202 bis) into (195) gives 

(206 bis ) 
1 

( .... -l J (1 - tp) ( ) 1-t 1 x) = .. cos xt dt. p 
0 

It follows therefore by partial integretion that 

(207 bis) -1 1-4 1 (x) = 1i p a (x)/x if x > 0, p p 

Eut 
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where a (x) is e.n abbrevie:t.ion for p 

(208 bis) 
1 

ap(x) = J tp-1 

0 
sin (xt) dt. 

'bis 
Since (206 bis) is an even continuo,)S function, (207.1\) shows that (206 bis) 

is non-negative for - oo < x < OQ if and only if (208 bis) is non-negetive 

for 0 < x < oo. But (206 bis ) is the density of a distribution. Accord

ingly, the distribution !lp assiglled by (202 bis) exists if and only if p 

is such as to make the funcUon (208 bis) non-negative for every x > 0. 

P.nd it turns out that this is the case if and only if p < 1. 

In fact, (202 bis) can be written in the form 

(209 bis) 
0 

x- a (x) 
p 

X p-1 :: J t sin t dt, wnere x > 0. 

0 
If n = 1,2, • • •  , the absolute value of the contribution of the interval 

( n - l):tt < t < nit' to the integral (209) is an incree_sing or a decreasing = =-
f1mction of n &.ccording as the function tp-l of t is increasing or decreas-

ing on the half-line 0 < t < oo, i.e., according as p > 1 or 0 < p < 1. 

}:1oreover, since (-l ) n-l 
sin t is positive in the interior of the n-th inter

val, the n-th contribution has the sane sign as (-l)n-l, and is therefore 

_::>osit.ive for the first value of n. Consequently, the function (209 bis ) 

becomes negative for certain values of x > 0 or is positive for every x > 0 

according as p > 1 or 0 < p < 1. Since (�09 bis) becomes the non-negative 

:unction 1 cos x in the limiting case p = 1, the proof is complete. 

It is aleo seen that the case p = 1 represent:=' the elernent&ry distri-
b11tion denoted by Ill at 
that xPa (x) ---7 r (p) p 
(209) becomes correct if 

"" r (p + 1). 

the end of § 7. If 0 < p < 1, then (209 bis) shows 
sin (�7cp) as x __, oo , which means, by (207 bis), that 

r(p) on the right of (209) is replaced by p r (p) 
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Examples 

57. For every r > O, let �r = �r(x) denote the distributions 

represented by the step-function which is 0, ! or 1 according as - � < x < -r, 
0 

-r < x < r orr< x <� .  Thus� (h)= cos (ry), by (10). Hence, if 
r 

r1,r2, ••• is a sequence of positive numbers, the criterion of (95) shows 

that the infinite convolution *�r is convergent if and only if the product 
n 

1fcos (rny) is uniformly convergent on every fixed bounded y-interval; in 

which case the transform of the distribution 

(217) 

is 

(218) 

Since cos t = 1 - it
2 

+ o(t2) as t --70, it is clear that T\ cos (r y) is 
n 

uniformly convergent on every fixed y-interval if and only if the positive 

constants are so chosen that 

(219) 

It will always be assumed that (219) is satisfied, i.e., that (217) 

defines a distribution �· Then the product (218) is absolutely convergent 

for every u, i.e., ��e convergent convolution (217) must converge absolutely 

(this agrees with the remark made at the end of § 32) • It follows therefore 

from (219 ) that the notation in (217) can be so chosen that 

(220) (r > 0). 
n 

Since the spectrum of �r consists of the two points x = ±r, it is 

clear from the description (98) of the spectrum of an arbitrary convergent 

convolution, that a point x = s is in the spectrum S(JA.) of the distribution 

defined by (217) if and only if there exists to s and to every n a decision 
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of the alternative +r such that s becomes the sum of a convergent -n 

series of the form 

(221) - ' +r • s- L-n 

This implies that S(�) is a b01mded set on the x-axis if and only if (219) 

is refilled to 

(222) 2:. rn <oo 

and that s = L rn then is th<� greatest, a.."ld s = - �rn the least,value 

contained in S(�t). If, on the other hand, L rn = Ot!J, then, since rn � 0 

in virtue of (219), it is clear tha .. t there exists to every real number x 

and to eve�: n a decision on tl1e alternative ±Fn in such a way that x appears 

in the form �±.rn of a (conditionally) convergent series. Accordingly, 

S (ft) is a bounded set or the whole x-line according as t..�e series (221) is 

or is not absolutely convergent. 

58. It tliTns out that 

(223} � is a cont:LI'luous distribution for every choice of the series 

(219) which defines the convergent convolution (217). 

According to the criterion (188) or to its eqn:i .. valent formula-

tio:1 (187), t�1e assertion of (223) is that (218) satisfies the estimate 

(224) 
t 
�lif\cos(rny))dy = o(t) or 

0 

t 
( - 2 
J \ \ cos (r y)dy = o(t) as t -7' oo • 

n 
0 
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Since every factor of the infinite products 1\ is at I)lOSt 1 for ever;{ y, 

it is sufficient to verify (224) for the case in which the sequence 

r1,r2,••• is replaced by any of its subsequences, say by its subsequence 

r1',r2•, • •• • Actually, if r1", r2", . •• denote the remaining terms of the 

sequence r1,r2, ••• , ::md if !.t.' and �-t" are the convolutions which correspond 

to these two comlJlementary su.bsequences, then l-t = 1-l-' * 1-l-", by (217), (219) 

and (92). It follows therefore from (75) that it is sufficient to prove 

(223) ·.Jr (224) for the case where (217) is replaced by t:he convergent con-

volution 1-l.' belon;;ing to � subsequence 1). 1 , r2' , • • • of r1, r?, • • . • How

ever, it will be seen in § 60 that the contL-mity of the distribution f-1.' 

is obvious if the selection of the subsequence r1' ,r2', ••• defining !11 is 

��fficiently retarded, namely such that 

of t..'le remainder series rn+l
' 

+ rn+2 1 + 

r I becomes greater tl�� the value n 

. . .  ' where n = 1,2, ••• • If this 

is granted for the present, tile tru.th of (223) follows for every distribution 

(217). Incidentally, this proof of (223) can be varied so as to be based on 

a corresponding selection in (224); cf. the end of § 64 below. 

According to the definition at the beginning of .§ 57, tile distribu

tions �r are purely disconti:t1Uous. It follows therefore from (148) that the 

distribution (217) is pure. This, when coiilbined with (223), means that 

(225) !I is either absolutely cont:L1uons or purely singular. 

Anot..�er consequence of (223) is that 

(226) S(p.) is a bounded perfect set or the whole x-axis according 

as z=- rn < oc or "'2: rn = oa • 

In fact, S(�.t) can, by § 4, be defined as the set of those points x 

in some vicinity of which the function �t (x) is not constant. This clearly 
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implies that S(!.t) must be perfect w:1enever 1.1. is continuous. Hence, 

(226) follows from (223 ) anJ. from what was shown at the end of .§57. 

59. At the beginning of § 36, there was considered a sequence of 

"spaces" Tl'T2
, • • • consisting of respective "points" t1,t2,... • It was 

assumed that ever:;- Tn carries a measure ¢n satisfying (117). Finally, it 

waG assumed, after (121), that every Tn carries a d:>. -measu.rcble function ·n 

xn = xn(tn) of tl1e position • 

.An instructive realization of these requirements can be based on 

the distributions i)r• In fact, let every Tn consist of only two "points" 

tn• Let these poli1ts be denoted by tn =+and tn =�for every n �d let 

the 'Pn -measure of either of these points be assigned to be ! for ever:r n 

(so that (117) is satisfied) . Finally, let the function x ( t ) of the n n 

Position t = + on T be defll1ed by placing x (+' = +r , where r is a n - n n .!J -n n 
positive number. 

It is clear frotn the definition (114) of the ¢. -distribution of a n 

function xn(tn) on Tn that, in the present case, the ¢n-distribution of 

xn(t) on T is o, ·! or 1 according as -100< x <-r , -rn < x < r or n n n 

rn < x < oO ; that is, the distribution �r defb1ed at the beginning of 
n 

§57. It fol..lows therefore fron (138) that the series L x
n

(t
n

) , i.e., 

�±rn, converges on the infL�ite ?reduct space T1.T2 • • • • of the points 
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(227) 

in 1T ¢n-measure if and only if the infinite convolution (217) is con

vergent, i.e., if and only if (219) is satisfied; in which case the dis

tribution (217) is precisely the �¢n-distribution of the function 

(228) 

to which L±.rn converges in\\ ¢n-measure on t:'le space T = T1.T2• 

of the points (227). 

All of this sounds more abstract than it actually is. In fact, 

the infinite product space T = Tr T2• • •• , consisting of the points (227) 

and carrying the �¢n-measure, can be mapped on the interval 0 < t < 1, 

consisting of real nunbers t and carrying the Euclidean Lebesgue measure, 

as follows: 

Let the two points, tn = iJ of T be thought of as representing 
n 

the alternative which allots either 1 or 0 to the n-th place in the infinite 

dyadic expansion of a real number t satisfying 0 < t < 1; so that 

(229) 

replace the points t = (±J 2J ••• ) and t
n 

=�ofT= T1.T2 • ••• and of Tn 

respectively. Except for those points of the interval 0 < t < 1 which 

possess a finite dyadic expansion (and form, therefore, an enumerable set, 

and hence a set of Euclidean measure 0), this mapping of the li1finite 

product space T1.T2• • •• on t."le interval 0 � t .S. 1 is one-to-one. More

over, the mapping is measure-preservi_ng, that is, the \\ ¢n-measure of a 

subset of T1.T2 • ••• and the Euclidean measure of the image of this subset 

on the L"lterval 0 � t � 1 exist at the same time, ancl the two measures 
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always have the sane value. This follows from (229) and from the defini-

tion of the product mea��e �¢n on T = T1.T2 • • • • , since the measure on 

Tn was assigned by ¢n(±) = t. 

Accordingly, if the terms ofthe series (228) are thought of as 

functions of the position (229) on the interval 0 � t � 1, then t�e series 

(228) converges in Euclidean measure to a function x(t) on the interval 

0 � t � 1 if and only if the condition, (219), for the convergence of (217) 

is satisfied; in which case the distribution (217) is the ¢-dlstribution 

of x(t) on 0 � t �1, where¢ denotes t�e Euclidean measure. 

Clearly, (228) and (229) can be written as 

(230) x(t): o;::;- n n 
t L_(l ± l)rn/2 , where t =! L(l + 1)/2 ; (0 < t < 1). 

If [u] denotes the greatest integer not exceeding u, it is easily verified 

that (230) is equivalent to [ ) 2nt 
(231) x (t ) : - L ( -1) rn; o<t<l. = • 

In fact, the [2nt] -th power of -1 is identical with - (-l)k for every t 

cont�=tined in the interior of t..�e k-th subinterval obtained by dividing the 

interval 0 � t � 1 into 2n congruent subintervals (k = 1, • • •  ,2n). 

60. Suppose that not only (219) but also (222) is satisfied. 

T!1en the series (231) is uniformly convergent and represents, therefore, 

the function to which it converges in Euclidean measure on 0 � t � 1. Thus 
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(2.32) 

1.3.3 

be renlaced bv � 

.. [2
n

tJ 
x ( t ) = - "S'""' ( -1) r , where ' r < oo ; L n L n o<t < l .  = = 

In view of the identity mentioned after (2.31) the n-th term of 

the serie s (2.32) is discontinuous only at the points t = k/2n of the inter-

val 0 � t � 1. Hence, every term of the series (232), and therefore, by 

uniform convergence, the �lDction x (t) itself, is continuous at all those 

points t of the interval 0 < t < 1 which do not possess a finite dyadic 

expansion, i.e., which cannot be represented in the form t = t. , where Jffi 

(233) 
m m 

tjm = j/2 , where j = 1,3, • • •  ,2 - 1 and m = 1,2, • •• 

The uniform convergence of the series (232) also implies that, 

at the points (233), the limits x(t + 0) and x(t - 0) exist and have the 

values which result if t is respectively replaced by t + 0 and t - 0 in 

each of the terms of the series (232) . But it is clear from the identity 

mentioned after (231 ) that the difference between the right-hand and the 

[2ntJ 
left-hand limj_ts of (-1) at a point t = t. renresented by (233) is JID .. 
0, -2 or 2 according as n < m, n = m or n 

m-1 
> m. Consequently, from (232), 

x ( t . + 0) - x ( t. - 0 )' = - ( L 0 - 2r + JI!l Jm m 

T"nis can be written in the form 

(234) 

(235) 

an abbreviation for Qo 

a = L_ r 
1'll n=m+ 1 n' 

n=l n=m+l 

a 1 - q = r > O· in- m m ' 

2r ) . n 
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61. Of parti��lar interest is the case of those series (222) 
for which all the jumps (2.34) are positive: 

qm < �m-l' i.e. qm < rm' for every m, (2.36) 

cf. (2.35). Then the f1mction �( t) is monotone on the interval 0 � t < 1. - = 

In fact, whether (2.36) is or is not satisfied, the n-th term of the 

series (2.32) is constant on each of the 2° intervals mentioned at the 

end of §59. On the other hand, all the contributions of all the jumps 

of these step-�lDctions to the function (2.32) are represented by (2.3.3) 

and (2.34). Hence, if the function (2.32) is increasi.'1g at all of its 

discontinuity points, i.e., if each of its jumps (2.34) is positive, then 

the function (2.32) is non-decreasing at every point of the interval 

0 � t < 1. Furthemore, t.�e f11nction t.�en is nowhere constant, since - ::. 

the points (2.3.3), at which its jumps occur, are dense on the interval 

0 < t < 1. Accordingly, = = 

(2.37) x ( t) is an increasing f11nction on the interval 0 � t � 1, if - -

(2.36) is satisfied. 

For a fixed m, there are 2m-l points (2.3.3), and the jump of 

x(t) is given by (2.34) at each of these points. Since, as observed 

after (2.32), the function x(t) is continuous except at the points (2.3.3), 

it follows t."lat the sum of all jumps of the monotone function x ( t) on 
t11.e interval 0 � t � 1 is I:,zn-�(qm-l - 2qm), where m r11ns, as in 

(2.3.3), through all positive integers. Obviously, this sum can be con-

tracted into 2�0 - a, if a is an abbreviation for 
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(238) 

This implies, in particular, that t..�e assumption (236), which, via (237), 

underlies this cal�llation, necessitates the existence of the limit (238). 

It is clear from (232) that x(O) = -q0 and x(l) = q0, where 

q0 = 2:: rn. Hence, the total variation of the monotone function x(t) 
on the interval 0 � t � 1 is 2q0• Since the sum of all jumps of x(t) 
was seen to be 2q0 minus the value of the limit (238), it follows by 

subtraction that (238) represents the total variation of the continuous 

component of the increasing function x(t) on the interval 0 � t _5. 1. 

(240) 

It will now be shown that 

n+l 
meas S(l.t) = lim 2 q in the case (236), 

n�oe n 

where meas S(!..t) denotes the Euclidean measure of the spectrum, S(J4), of 

the distribution (217). It will also be proved that 

(241) S(�) is nowhere dense in the case (236). 

First, t..�e result formulated before (230), when combined with the 

definition (114), can be expressed by saying that, even if only (219) is 

assumed, j.t(x) is identical with the Euclidean measure of the set of those 

points of the interval 0 � t � 1 at which the value of the function x(t) 
is less than x, where x is any fixed real nwnber. Hence, if the assump-

tion, (236), of (237) is satisfied, then j.t(x) is identical with t..�e length 

of that portion of the interval 0 � t � 1 on which the monotone function 

x(t) is less than x. Since, as ebserved above, x(O) = � and x(l) = q0, 

it follows, in particular, that !-l(x) = 0 for - -oo( x < � and that 

�t(x) = 1 for q0 < x < oo. 
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Now consider the remaining interval,�� x � q0, on which the 

interval 0 � t � 1 is mapped by the monotone increasing function x = x(t); 
it being understood that, i� t is a disco�tb1uity point of x(t), then the 

subinterval x(t - 0) < x < x(t + 0) of the interve� -q0 < x < q0 does not 

conte.in image points of points of the interval 0 � t � 1. Since l.l. (x) is 

the length of that portion of the interval 0 � t < 1 on which the mono-- = 

tone fu�ction x(t) is less than x, it follows tl�t the function l.l.(x), 

where -q0 � x S. q0, can be thought of a.s the inverse of the function x (t ) , 

where 0 < t < 1; it being understood that the jumps of the increasing --:::. = 

function x(t) are mapped on intervals of conste.ncy of the non-decreasing 

functj.m ��(x). 
Tne points, (233), at which x(t) has a jump, (234), are dense 

on the interval 0 � t � 1. Consequently, the inverse function, p.(x), 
has no jrunp. Since the assumption (236) can, by (235), be written in the 

forn rn > r
n+l + rn+2 + • •• , where n .= 1,2, ••• , this implies the fact 

anticipated in the proof of (223), if rl'r2, . .. is identified with the 

sequence r1•, r2•, •• • considered after (224). 

According to § 4, the spect:rmr: S(�J.) consists of those points x 
in some neighborhood of which the function V· is not constant. It follows 

therefore from the above interpretation of p. as the inverse of the func-

tion x(t), that S(j.l) consists of those points x of the interval -q0 � x i. � 
which are not contained in any of the subintervals x( t + 0) < x < x(t- 0), 

where t denotes any of the discontinuity points, (233), of x( t) • Conse-

quently, the Euclidean measure of S(v) results if the sum of all jumps 

(234) is subtracted from the length, 2q0, of the interval -q0 � x � q0• 
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This, when compared with the result found before (238), completes the 

proof of (240). 

Finally, (241) is clear from interpretation of � as the inverse 

of the function x(t ) , since the discontinuity points, (233), of x(t) 
are dense on tl1e interval 0 < t < 1. = =-

62. It ix readily seen from the identity mentioned after (232) 

that, if k = 1, •• • ,2n, the total variation of the monotone function x(t) 
on the open interval (k - 1)/2n < t < k/2n is the same for all 2n values 

of k and depends, therefore, only on n. On the other hand, it is clear 

from § 61 that 

(242) �(x) = t if x(t- 0) < x < x(t + 0), 
whether tis or is not a continuity point of the monotone function x(t). 
These two facts obviously imply that, if the measure (240) is positive, 

then 1-t (x) is a constant multiple of the Euclidean measure of the coill.mon 

part, S(�t)EK, of the spectrum, S(��)' and of the half-line' r, consistin� 

of tho se points of the x-line which are to the left of the given x. Since 

�(�) = 1, the constant of proportionality must, of course, be the recip-

rocal value of the measure (240). Accordingly, 

(243) �(x) = meas(S(�)�)/meas S(�) if meas S(�t) f. 0. 

It is easy to see that an identity corresponding to (243) holds in the 
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case meas S (�) = O, if the Euclidean measure occurring in (243) is 

replaced by the appropriate Hausdorff measure. 

The content of (242) and of its extension dust mentioned is 

that the distribution (217) is linear 911 � � S(��); a set which is 

nowhere dense and perfect, by (241) and (226). A corollary is that 

(244) � is, under the assumption (236), absolutely continuous or 
purely singular according as the measure (240) is positive 

or o. 

In fact, it is clear from (223) that, whether (236) is or is not 
satisfied, IJ.. is purely singular whenever its spectrum is of Euclidean 

measure 0 (cf. § 4). On the other hand, if the Euclidean measure of 

S(�t) is positive, and if (236) is assumed, then (243) is applicable. 

Since (243) implies that IJ.. is absolutely continuous, the proof of (244) 
is complete. 

The truth of the alternative expressed by (244) is by no means ob

vious. For instance, (244) has no analogue in the case characterized by 

the assumption that 00 
(245) rm 2 L rn for every m, 

- n=m+l (qo = :Z_ rn < r.;)O); 
an assumption which, in view of (235), represents the precise opposite 

of the situation represented by (236). 

In fact, examples, to be given in § 63 below, show that , if (245) 
is satisfied, IJ.. can be either absolutely continuous or purely singular. 

On the other hand, it is easy to see that 
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(246) S(J!) is the interval � � x $_ q0 in the case (245). 

Since q0 = L_rn, the assertion of (246) is that every number s 

satisfying - � rn � s < L rn admits a representation of the form 

(221). But this is clear from the assumption (245). 

6.3. In order to illustrate the above re�ts, let the positive 

numbers rn be so chosen as to form a geometric progression, rn = r
n

, and 

let the resulting distribution, (217), be denoted by 1-tr· Thus, from (218) 

o n (247) 1-tr (y) = T\ cos(r y). 

The necessary and sufficient condition (219) for the existence of the dis-

tributj_on J.t is 0 < r < 1. Consequently, (222) must be satisfied. r 
m � n -1 

Since (2.35) gives qm = q
0

r , where q0 = � r = (r-1 - 1) , it is 
clear that (2.36) is satisfied by rn = rn if and only if r < !; in which 

case tl1e measure (240) is seen to be 0. On the other hand, (245) is 

satisfied by rn = rn whenever r � !· It follows therefore from (241), 
(226) and (246), that 

(248) S(J.tr) is a bounded perfect set of Euclidean measure 0 or it is 

_, -1 -1 -1 
the interval -(r 

- - 1) � x � (r - 1) according as 0 < r < ! 

.or ! < r < 1. 
--
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If k is a positive integer and if 0 < r < 1, then 0 < r1/k < 1 

and, according to (247), 
0 0 0 1/k 

(249) � l/k (y) = �r (y) � (r y) 
0 (k-1)/k 

r r ••• �r (r y). 

In view of (17) and (53), this can be written in the form 
-1/k -(k-1)/k (250) � l/k(x) = � (x) * �r(r x)* ••• � (r x) . r r r 

According to a classical identity, the infinite product (247) 
belonging to r= ! is the elementary entire function (sin y)/y (Vieta); 

so that 
0 -1 

(251) �1/2 (y) = y sin y. 

Hence it is seen from (10) that �l/2(x) is the absolutely continuous dis

tribution for whicl1 the density is 

(252) �/'(x) = !iflx\<land� 1(x)=O iflx\> 1. 1 2 1/2 
It follows therefore from (76) and from the case r = 1/2 of (250), that 

-1/k 
(253) � is absolutely continuous if r = 2 , r 

It is clear from (223 ) and (248) that 

(254) �r is purely singular if 0 < r < !. 
Since application of (250) to r = 1/4, k = 2 gives 

(255) �l/2
(x) = �l/4(x) * �l/4(fx), 

(k = 1,2, •• • ) . 

and since (254) implies that the first, hence also the second, distribution 

on the right of (255) is purely singular, the truth of the assertion (77) 
follows from the case k = 1 of (253). 

It is easy to show that, in contrast to (251), 

(256) 
0 

y
l� � �l/m (y) > 0 if m = 3,4,... • 
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In fact, it is seen from (247} that 

(257) 1-lr 0 (2�/rj
) = IT cos (2�rn) if r = 1/m, 

whenever m (> 1) and j are positive integers. Since �/rj� oo as 

, and since the product on the right of (257) is independent 

of j and has, unless m = 2, a positive value, the assertion (256) follows 

from the identity (257). 
This situation can be imitated in the case in which 1/r, instead 

of being a rational integer m, is an algebraic integer of sufficiently 

strong rational affinity. Such an algebraic integer is, for instance, the 

quadratic irrationality 
],_ 

(258) r = t(52 - 1); so that � < r < 1, 
1 

hence 1/r = tC52 + 1) > 1. Here s = 1/r and -r are the roots of the equation 

s2 - s - 1 = 0. More generally, let r, where 0 < r < 1, be an irrational 

number such that s = 1/r is an algebraic integer having the property that, 

if s,t, • • •  , z denotes the set of all algebraic conjugates of s, then 

lrl < 1, • • •  , lz/ < 1 (while s >  1, since s = 1/r). n n n Since s + t + • • •  + z 
is a real, rational integer for n = 1,2, •• • , there exists on the interval 

0 < e < 1 a number e such that the absolute value of the differ·ence between 

s
n 

and the real, rational integer closest to sn does not exceed a fixed 

positive multiple of en as n � oo Hence there exists a positive constant 

c such that 
j-1 

(259) lT I cos (;tsn) I > c IT cos ( ;ten) 
n=O 

for every positive integer j. Consequently, if e, where 0 < e < 1, is so 

chosen that cos (;ten) i- 0 for every n, i.e., that e i- !, then the finite 
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product on the left of (259) is not less than the positive constant 

ca, where a denotes the value of the infLDite product on the right 

of (259). On the other hand, since r = 1/s, it is seen from (247) 

that, corresponding to (257), 
j-l 

( o j o y n 260) 1-1-r (n/r ) = �tr (�) \ 1 cos (ns ) , 
n=O 

�n1ere j = 1,2, • • • • Finally, since r is an algebraic, and 1t a trans-

cendental, number, none of the factors of (247) vanishes when y = 1t, 

0 
and so �r (�) � 0. Since the product on the left of (259) was mli1orized 

by the positive constant ca for every j, and since �r0(�) � 0, it fol

lows from (260) ��t 

(261) lim sup I 1-1- 0(y) J > 0; 
y--P � r 

in fact, n/rj � 04 as j � oo , since 0 < r < 1. 

According to (191) and (223), tl1e inequality (261) implies 

that the distribution �r is pure ly singular. This is not contained in 

(254), since some of the r-values satisfying (261) are outside the range 

0 < r < t, as shown by the example (258). 

For the same reasm1, it now follows from (248) that there exist 

r-values for which the distribution 1-1- is purely singular but such that r 

the spect�� S(�r) is an interval (the existence of such distributions 

was observed in § 4). The truth of the negation (190) follows not only 

from these examples but from the simpler result (256) as well . 
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64. It turns out that the r-values of the range 0 < r < 1 

which satisfy (261) are quite exceptional. In fact, it will be shown 

that (261) cannot hold unless r is so chosen as to fail to possess the 

following property: There does not exist any positive number b such 

that, if � denotes ��e absolute value of the difference between b/iO 

and the integer clo sest to b/rn , then 

(262) <1n < �(1 + 1/r)-2 as n -7 oO r 

In view of (18), �1e assertion can be formulated as follows: 

If 

(263) lim I 11-r 
o ( y )\ = 0 

Y�±oo 
does not hold, then there must exist to r some b satisfying (262). But 

it is known that the set of those values in the interval 0 < r < 1 to 

which tl1ere exists at least one b = b(r) satisfy.ll1g (262) is enumerable 

(Pisot). 

It 1.& trivial that, if 1/r is rational but not an integer, then 

there cannot exist to r any b satisfying (262). Hence, what will be shown 

implies that (263) holds for every rational r not exeml)ted by (256). 

Let r, where 0 < r < 1, be any value for which there does not 

exist any b satisfying (262). SUppose, if possible, that the assertion, 

namely (263), is false for thj_s r. Then there exist a sequence yl'y..,, • • •  
-<. 

and a positive bound c = c(r) such that I J.l.r 0(yj) I > c and Yj � � 

as j � �. In view of (247), the sequence y1,y2, • • •  can be assumed to 

be so chosen that, if kj denotes 
kj 

r < Yjr .$_ 1, then the sequence 

the (unique) positive Lnteger for which 
k

l k2 
y1r , y r , • • • tends to a limit. Let 2 k. 

this limit be denoted by u; so that uj � u, if uj = yjr J. Since yj � 
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' K. 
it is clear that kj � r:P • But (247) shows that, since uj = yjr J, 

(264) 0 -.\ flr (Yj )= I cos 

n-k. J (u
j

r ) , 

where j is arbitr.?.rily fixed. Since 1�-Lr 0(yj) I > c > 0, ��e absolute 

value of the infinite product on the right of (264) exceeds a fixed 

positive constant. Hence, if this product is treated :Ln the so..r:1e way as 

the product (260) was treated, it is seen by a straightforward adal)tat:ion 

of the proof of (261) in § 63, that the limit relations uj � u and kj� c:;o 

contradict the assumption, according to which r is such th<�t there does 

not exist any b satisfying (262). 

This proves, in particula�, that the r-values so..tisfying (263) 

are dense on the interval 0 < r < 1, and therefore on the interval 

0 < r < !. Hence, the truth of the negaUon (191) follows from (254). 

On the other hand, the algebraic r-values of t:.1e type {25S) and 

the rational r-values specified in (256) do not satisfy (;z63). Further

more, it is clear fror.1 (249) that, if (263) does not hold for a given r, 

a s�y for r = r0, then (263) cannot hold for any r of the form r = r0 , 

where a is any rational eX'ponent greater than 1 ( so that r0 a < r0). It 

is not kno�m whether the r-values sntisfying (261) do or do not cluster 

at the upper bmmd, 1, of the range 0 < r < 1. 

The abmre examples imply that the decision of the alternative 

represented by (261) and (263) de�ends on delicate aritlli�etical properties 

of r. It is therefore of interest that, if flr0(y) is replaced, �sin (224), 

by its sq1.1.are- average, then all the Diophantine intricacies disap)ear. 

In fact, it will now be sho'ml that 
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t 

� J I �r 0 (y) 1 2 

0 
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l/log2r 

dy = 0 ( t ) as t � OC) 

holds for every r��.Since the logarithm in (265 ) is of base 2, the asser-

tion (265) is trivial from (224) if r = i· The remaining case, where t...'le 

exponent on the right of (265) is negative, is precisely tne case in which 

S(� ) is of Euclidean measure 0; cf. (248). And it is readily seen that 
r 

the Hausdorff dimensjon � S(� ) , referred to after (243), is exactly the 
r 

one corresponding to the exponent log2r in the mean estimate , (265), of the 

-.tr_an_s_f_o rm_ Q.[ �r· In view of (251) and (252), this parallelism holds in the 

limiting case r = ! also. Correspondli1gly, it is easy to show that the expo

nent on the right of (265) cannot be improved for any r < !. 

In this connection, it is worth observing that both the proof and 

the assertion of (148) remain valid (without any change), if ��e notions 

of an absolutely contjnuous and of a purely singular function are referred 

to any Hausdorff measure, rather than, as in § 4, the specific Euclidean 

measure. 

In order to prove (265), choose a positive integer k and omit all 

but the first k factors of the infinite product (247). Then, since 
2 \ < 1 ( iu -iu 

I cos -u 1 and cos u = 2 e + e ) , 
t t 

r I� o
(y) ' 2 

dy < 2-2k s I L exp i(±r ±r2 ± . .• ± r
k

)y/2 
dy, J r 0 + 0 -

where the summation refers to all 2k variations of the k alternatives 

�, • • •  ,±. If the integrand, on the right, / 2 I , is written as a 

product of complex conjugates, then it appears as a linear combination of 

terms of the form exp ( icy) . The various values of c, along with the 
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number of terms belonging to a fixed value of c, can be obtained by an ·easy 

covnting. Since the assumption 0 < r < i implies that the sum of the geo-

�1 �2 m 
metric series r + r + • •• is less than r for every non-negative in-

teger m, it then follows from the last formula line, that 

J
t 0 2 -2k k k., k-j -j 

(266) J �tr (y)/ dy < 2 const. (2 t + 2k L 2 r ) , 

0 j=O 

where the constant depends only on r. In fact, if exp ( icy) is integrated 

between y = 0 and y = t, the corresponding term acquires the factor t or 

the divisor c according as c = 0 or c � 0. Since 2r < 1, it is clear from 

(266) that 
t 

r1 12 -k k 
J �r

o(y) dy < 2 Const.(t + 1/r ), 
0 

where the constant depends only on r. Now let k be made a function of t, 

nanely the integral part of the quotient (lo§ t)/(-log r). Then the last 

inequality becomes identical with (265), where 0 < r < i· 

65. None of ��e above distributions is absolutely continuous 

but such as to have a nowhere dense spectrum. such an example results by 

choosing 

(267) 

tn (217). 

-n -n 
r = 2 + 3 

n 

In fact, it j_s seen fror,; (235) that (236) is satisfied, and that 

the limit (240) is distinct from O, in the case (267). Hence the assertion 

follows from (21+4). 
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Still smoother distributions can be obtained from the identities 

{249) and (251). 

{268) 

In fact, these identiti es imply that 

0 -k -1/k 
1-tr ( y) = 0 ( I y I ) if r = 2 , 

where k = 1,2,... • It f ollows therefore from the criterion (197), that 

the distribution J-t has at least k - 2 continuous derivatives for every x 
r 

if r = 2-l/k. These r-values tend to 1 as k � <:JO • But r = 1 is ex-

eluded by (219), and it is not difficult to prove that none of the distri-

butions 1-tr has derivatives of arbitrarily high order for every x. 

In order to obtain distributions (217) possessing this, or even 

a higher, degree of smoothness, denote by X a the distribution which results 

if r
n 

in (217) is chosen to be 1/na; so that, from (218), 

(269) xa o (y) = TI cos (y/na>, where a > t , 

by (219). It will be shown that each of these distri�Itions Xa (x) has de

rivatives of arbitrarily high order for - 0" < x < oo ; that "-a is regular

analytic and boun ded in a strip containing the x-a.xis, if f < a is replaced 

by f < a � 1; and that X is a (transcendental) entire function, if t < a < 1. - a 

If 1 < a, then Xa cannot be regular-analytic at eve�y point of the 

line --< x <oo • In fact, if 1 < a, then (226) shows that S(X ) is a 
a 

bounded set, since rn = 1/na. But the derivative X
a

'(x) vanishes at every x 

not contained in 'the spectrum, and so X ' (x) cannot be regular-analytic at 
a 

the points x = ± L l/n
a

, for instance; poi.."lts which, according to (221), 

are contained in the spectrum. Since the spectrum is situated between these 

two points, it also follows that all derivatives of Xa(x) must vanish at 

these •::xtreme points, although Xa (x) is not constant there. 
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In order to prove that Aa possesses the smoothness proyerties 

stated before, it will first be shown that there exists an absolute con-

stant C satisfying 

0 lT \ 2 > 2 (270) I JJ. (y) I = f cos(r
n

y) < exp(-Cy rn ) 
rn<l/IYI 

for every y, where JJ.0
(y) is the transform, (218), of an arbitrary distri-

1:,. bution (217). n1e existence of the function�on the right of (270) is 

assured by (219). 

Since jcos(rny)l � 1, the absolute value of the li1finite product 

(270) is not increased if some of the factors are omitted . For every fixed 

positive y, omit all those factors in which r
n is not less than 1/y. Then, 

if a positive constant B is chosen so small that 0 < cos t < 1 - Bt2 for 

0 < t < 1, it follows that 

o \ lT 22 L 2 2 I JJ. (±.Y) < (1 - Br y ) = exp log(l - Brn y ) 
r <1/y n r <1/y n n 

holds for every y > 0. This proves the truth of the inequality for a cer

tain positive constant C = Cs' since log(l - t) < -t for 0 < t < 1. 

If � = Aa, where a > !, then the sum multiplying -Cy2 on the right 

of (270) is QO 

L I 
a 2 � -2a r -2a (1 n ) = L_ n r'-' J 

/ 
u du 

a 1 a 
1/n <1/1 yl lyl <na I Yl 

-2+1/a 
as y �:!:. -oo. Since the last integral i s  const . \  y I , where const. = 

(2a - 1)-l > 0, it follows from (270) that there exists to every a> ! a 

positive 

(271) 

constant ca satisfying 
1/a 

0 I Aa (y) I < exp (-ca/Y \ ) for every y. 

Consequently, the smoothness properties stated after (269) follow from the 

corresponding sufficient criteria, (198) and (200), of §53. 
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According to (226), the spectnun of the distribution�= Aa is 

the whole line - oo < x < oo exactly in the case, a < 1, in which Aa (x) is 

regular-analytic along this line. However, the distribution (217) can be 

so chosen as to be purely singular and still such that its spectrum is the 

whole line. According to (226), (225) and (191), a distribution (217) will 

certainly be of this type if it belongs to a series (219) for which the 

series � rn diverges but, as y � ±. oo, the product (218) does not tend 

to 0. And these conditions are satisfied by the sequence r1,r2, • • • which 

k' 
consists of the values l/2 ·, where k = 1,2, • • •  , and contains the k-th of 

1 2k! t• these values exact y lmes. In fact, the series 

respectively, and so it is sufficient to show that the corresponding 

product (218), namely 

(272) o TT 2k! k' 
� (y) = cos (y/2 "), 

does not tend to 0 as y � ±. QO • .But 

And it is easily verified that the value of the last product does not tend 

to 0 as m � «> , the situation being about the same as in (260), (261). 
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66. The general fact expressed by (225) concerns itself 

with �1e local behavior of a distribution (217) belonging to an arbitrary 

series (219). As a corresponding g��eral fact concerning the behavior of 

the distributions (217) in the large, it will now be shovm that, for an 

arbitrary series (219), the distribution �t(x) must tend, as x � .±. oo 

top(±�)= i(l ±.1) so rapidly that all of its moments are finite and, 

what is much more, 
2 

S ux (27.3) e� djl(x) < oo for every p > 0. 

First, tne spectrum of the distribution �r' introduced at the 

beginning of §57, is a bormded set. Hence, the same holds, by (71), for 

the distribution 

(274) 

n 1.1. defined by 

n 
1.1. = � * ... * � , rl r

n 
where n and the positive numbers r1, • •• ,rn are arbitre�y. Thus it is clear 

from (30) that all moments of the di stribution �n are fL�ite. Tne numerical 
0 

values of these moments can be calculated by observing that, since �r (y) = 

cos (ry) for every y, the transform of the distribution (274) is the product 

cos(r1y) ••• cos (r y), by (82). It then follows from (.32) that the 2h-th 
n 

h n 
derivative of this product at the point y = 0 is (-1) (!J. )2h for every non-

negative integer h. Accordingly, 

(275) 
n 

(!J. ) 2h = ( z:. . .. L)C2j 
2j 2k 

r r 2k • •• 2ml 2 
••• r 

n 
2m 

' 

where the summation, (;[.. • • •  2:.), extends over all sets (j,k, • •• ,m ) of non-

negative integers subject to the restriction 2j + 2k + • • •  +2m= 2h, i.e., 

j + k + ••• + m =h. It is understood that the C denote the corresponding 
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multinomial coefficients; so the coefficient c2j 2k • • • 2m results if in 

(276) 

J, k, 

C. k = (i 1 + k + ••• + m)/(j !k! • • •  m!), where j + k + • • • + m = h, J • •• m 

... , m and hare replaced by 2j, 2k, • • • , 

It is readily seen that c2j 2k • • • 

2m and 2h respectively • 
h �- < h C. • Hence, .::.m = Jk •• • m 

n h (275) shows that (f.t )2h is not greater than h times a sum which, according 

to the multinomial theorem, is exactly the sum representing the h-th power 
2 2 n h h of r1 + •• •  + rn • Consequently, (� )

2h 
< h A , if A denotes the sum of 

the infinite series (219). Since the bound hhAh is independent of n, and 

since 1-tn � 1-t as n � tOD holds in view of the definitions (274) and (217), 

it is now clear from (5*) that (f.t) < h
hAh. 2h=. 5 2h h 

This means that x d�(x) < (hA) , where h � 0,1, ••• • It 

follows t.."lerefore fron (4*), by placing t = px2 in et = 1 + Lthjhl, that 

the value of the integral (273) belonging to a fixed p > 0 cannot exceed 
h 

1 + �(phA) /h! and must, therefore, be finite if the positive series 

� h 
� (Bh) /h!, where B = pA, is convergent. But Stirling's formula shows 

tlnt this series is convergent if B < 1/e. Consequently, the integral (273) 

must be finite if p < 1/(Ae). 

In order to complete tl1e proof of (273), it remains to be shown 

that the restriction p < 1/(Ae) is superfluous. But A denotes the sum of 

the convergent series (219). Hence, 1/(Ae) can be made arbitrarily large 

if the sequence rl'r2, • • • is replaced by rn+l'r
n+2' • • • , where n is suffi

ciently large. Then the distribution(217) becomes replaced by the distribu
n 

tion �n+l * fJ"n+2 * . . . . If t:'le latter is denoted by f-tn, then 1-t = �t �.:- 1-tn' 

where �"n is the distribution (27 4). n But p. has a bounded spectrum for 
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n 
every n, and so the integral (273) belonging to � is finite for every p. 

Since the integral (273) belonging to a given p and to �n was seen to be 
n 

finite when n is sufficiently large, the truth of (273) for p, = �t * �n 

follows by observing that the relevant criterion of § 22 is applicable to 
2 

f(x) = epx (for every fixed p > 0). 

67. The above proof of (273) is to a large extent independent 

of the assumption (217). In fact, the proof remains valid without any 

change, if (217) is replaced by any convergent convolution �t = �n in 

which every �n has moments of arbitr:=Lrily high order and (J.tn)2h is less 

than the h-th power of a fixed multiple of (!l ) for all n and for all h, n 2 
finally 1-tn is symmetric for every n .  

A distribution � is called symmetric if it is identical with the 

distribution �defined before (17). For L�stance, an absolutely contin
-1 

11ous �is symmetric if and only if it has:density �· satisfy.ll1g !l'(x) = �1(-x). 

It is clear (18) and (19) that a distribution J.t is symmetric if 

and only if the transform J.t
0 ( y) is an even and/or real-valued function of y 

In fact, (10) becomes oo 

!-L
0 (y) =�t(+O) -J.t(-0) +2 5 cos (yx) d�(x). 

+0 
(277) 

Correspondingly, (185) can be contrac�d into 

g_(x+O) + tt(x-0) -C ... � J sin(xy) o 
(278) - ,- �t (y) dy. 

2 � y 
0 
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and so (195), if (195) is applicable, into 

(279) 

-

11-' (x) = 2M -l S cos (xy) f-1. 0(y) dy. 

0 
Since 1.1. is symmetric if and only if 11-0 is real, it is clear from 

(53) and (28 ) respectively, that the convolution of two symmetric distribu-

tions and the limit of a convergent sequence of symmetric distributions 

are syrnnetric distributions. 

Finally, it is clear from (30) taat a symmetric 11- cannot possess 

a non-vanishing moment of odd order. However, this does not imply that 11-

must be symmetric if all of its moments of odd order exist and vanish; cf. 

68. In applications of ��e type exemplified by the theory of 

errors, of particular interest is the case of those densities of probability 

which are monotone functions of the distance from the origin. In order to 

delimit a corresponding class of distributions in such a way that the class 

becomes closed under the limit process specified at ��e end of §2, the 

following definition turns out to be appropriate: 

Let a distribution � be called convex if it is symmetria and 

such that the curve jl = j.t(x) in an (x,j-1.) -plane is convex from below on the 

open half-line - r.::P < x < 0, and therefore convex from above on the open 

half-line 0 < x <<:>o • Since 1.1. is monotone, hence 1-measu.rable, it follows 

from the theory of convex functions that, if !.l. is a convex distribution, 
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the function J-t(x ) is absolutely continuous on every open interval not 

containing the point x = 0; a point at which J-1. can have a jump, as exem

plified by the convex distribution (15). It also follows from the theory 

(Jensen) 
of convex functions�that J-1. has a finite right-hand and a finite left-hand 

derivative at every x f 0; that both of these derivatives are monotone 

non-increasing functions of I xl; finally, that both of these derivatives 

are continuous at exactly those points x f 0 at which they have a common 

value (which implies that, s ince both derivatives are monotone, the s et 

of points x at which J-1. has no ordinary derivative is enumerable) . Both 

derivatives , being monotone, must tend to 0 as x �::!: tOC, since J dJ-t(x) < OD. 

But the derivatives can tend to + CP as x � �. 

If a sequence of fmY! tions which are convex on an open interval 

tends to a limit at every point of this interval, then the limit function 

obviously is convex there. This implies that, if 1-tn�J-1. holds in the sense 

defined at the end of § 2, and if every � is a convex distribution, then �� 

is a convex distribution. 

This is the closure property of the class of convex distribu-

tions, referred to above. It holds only in virtue of the above definition 

of the class, since J-1. can have a jump at x = 0 when every 1-tn is continuous 

at x = o. On the other hand, it is clear that there exists to every convex 

dis tribution J-1. a sequence of convex distributions �
n such that every � has 

continuous derivatives of arbitrc-..rily high order for every x, and !J"n� F'· 

It will now be verified that, if tv1o distributions, say p and "A, 

are convex, then 1-'" * A. is a convex distribution. 
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In view of (56), it is sufficient to prove this for the case where � and A 

have continuous second derivatives. Then, since � and A are convex, �·(x), A.'(x) 

are even functions which do not increase when fxl increases, i.e., the second 

derivatives J.l."(x), A."(x) are odd functions whi ch are non-positive for x > 0. 

On the other hand, (81) shows that�* A. has the density )�•(x- u)A.'(u) du, 

and therefore the second derivative J �"(x - u)A.1(u)du. Since � �� is odd and f.' 

is even, this integral, where 
+CD 

J l.' (x - u)�"(u) du ; 

-()C)( u <cP, can be written in the form 
<:)0 

5 �" (u) (A.I{x - u ) - A. 1 (x + y)} du, 

- f:P 0 

if it is assumed that x > 0. But this implies that the ��nction �"(u) is non

positive, and that, sit•ce J x - u l � x + u, the function { 1 multiplying �"(u) 

is non-negative, and so the integrand �-t"(u) t 1 is non-positive, on the who le 

integration domain 0 S. u < f\P • .Accordingly, the function �- * A. of x has a non-

positive second derivative for every x � 0. Since � *A., being a convolution 

of two syrr�etric distributions, is SyiTmetric, it follows that J-1. * A. is a convex 

distribution. 

As an illustration, consider t�e distributions �p defined by (292), 

where 0 < p < 2. If p = 1 and p = 2, then (204) and (205) show that � is con-=. 
vex. In the remaining cases, J.l.p was obtabed, in §56, by taking a fixed dis

tribution Ap' changing in it the unit of length on the x-axis, forming con

volutions of the resulting distributions, and finally applying a limit pro cess. 

Since all of these operations preserve convexity, it follows that J.l.p is con-

vex if A.p can bs chosen to be convex. But the distribution A.p used in § 56 

was the one having the density (215), which is a decreasing function of I xI. 

Consequently, all the distributions �p 
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defined by (202) are convex. 

Since the density (252) defines a convex distribution, it follows 

by the above ar�unent that, if q1,q2, • • •  is any sequence of positive numbers 

for which the infinite convolution *1-tn' where 1-t (x) = 1-t / (o-'-....x), is conver-
n 1 2 u 

gent, then the distributlon *J.t is convex. If q = (n - �)-1 it is easily n n � ' 
verified from (251), (17) and fran the canonical products of the even entire 

fun ction s cos z, z -l sin z, that the function 1T J.l.n ° (y), i.e., the transform 

of the distribution "*l!n' is identical with the function n cos(y/n). Conse

quently, the distribution A.1, defined by the case a =  1 of (269), is convex. 
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Projections 

69. At the beginning of i 34, there was introduced a "space" 

T of "points" t. It was assumed that there is given a field of sets F 

of points t such that every t and T itself are in the field. Finally, it 

was assumed that there is assigned to every set F in the field a value 

¢(F) in such a way that 

¢(F) > 0; 
= 

(2803) ¢( T) = 1, 

nhere F1,F2, • •• is any sequence of mutually disj oint sets F. 

�n the sequel, T will be chosen to be the product space 

X1 • • • • • Xk, where k is a fixed positive integer and x1, • • • ,Xk denote 

the lines - ot> < x1 < � , • • • , - ¢D < xk <r;;p • In other words, T will be the 

k-dimensional Euclidean space, and t any point (x1, • • • ,:x:k) of this space. 

The field of the sets F will be chosen to be the Borel field on T. Finally, 

any function¢ satisfying the three conditions (2801), (2802), (2803) will 

be called a k-dimensional distribution, or simply a distribution ( on T). 

If k = 1, all of this reduces to the situation introduced in § 1. 

However, unless the contrary is stated or implied, it will be assumed that 

the fixed value of k is at least 2. 

The spectrum 8(¢), the point spe ctrum P(¢) etc. can be defined 

in exactly the same way as in § 4, with the understanding that "interval" 

now means 11k-dimensional interval" (i.e., a set of all points (x11 •• • ,xk) 

such that xj is between aj and bj, where aj < bj and j = l, • • • ,k). Cor

respondingly, the absolv.te continuity of ¢ means the existence of a (non

negative) Baire function f = f(xl, • • • ,xk) having the property that, for 

every Borel set F, the value of ¢(F) is identical with the in�egral of 

f dx1 • • • � over F; in which case f is called the density of ¢ • 
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The symbol ¢n --.:, ¢ should be defined in exactly the same way as 

J.Ln � J..l. is defined at the end of § 2. The notion of the convolution of 

two distributions, a notion depending on the existence of the translation 

group, can be transferred from k = 1 to the case of an arbitr.ary dimension 

number k. Correspondingly, tl1e definition (10) of the transform of a dis-

tribution becomes 

(281) ¢o(yl' • • • ,yk) = J· • • f exp i (�yl + • • • xkyk)d¢, 
where (y1, • • .  ,yk) is any point of a k-dimensional Euclidean space; it being 

understood that the integral (281) is a Borel-Lebes�te integral with refer

ence to the measure ¢ on the (xl' ••• ,xk)-space, and that the integration 

is extended over the whole of this space. A glance at § 7 - � 10 shows that 

the proofs of the theorems of concerning the uniqueness, comp�ctness, and 

continuity of the transform remain valid for any k. And th� whole theory 

f . f• . t 1 t• 
. 1 d .that. ,.,of . b . d -:.:1 b o 1.n 1.m. e convo u 1.ons, wc u 1.ngi\tue senn-groups, can e cop1.e woru y 

word. 

by 

The moments of the first and the second order are of course defined 

(282) (¢) j = f· .. f xjd¢ and (¢)hj = f ... r �xjd¢' (j ,h = 1, • • •  k)' 

if S··· S (jxl\-t •• • +IXJcl) dq> <oo andS ... �(�2 + • • • + �2) d¢ <oo re

spectively. In the first case (and therefore, in particular, in the second 

case), the point (x1, • •• ,xk) = ((¢)1, •• • ,(¢)k)of the (�, ••• ,�) -space is 

the "center" of the "mass distribution" represented by ¢ .. And ¢ is called 

centered if its center is the point (�, • • •  ,XJc) = (o, • • .  ,o). In the second 

case, it is seen froo (2803), �281), (282) and from Taylor's formula for 

functions of k variables, that 
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0 
¢ (yl' ••• ,yk) = 1 + i (<¢)lyl + •• • (¢k)yk} - tQ¢ (yl' ••• yk) 

2 2 
+ o (yl + ••• + Yk ) 

+ Yk2� o, • • • ----, where C{p denotes the quadratic form 
k k 

Q<t>(yl, •• • ,yk) = L- "L <¢) yhy . •  
h=l j=l hj J 

According to (282), this quadratic form is identical with 

f· • • � (xl Y1 + ••• + :J)lk) 2 d¢• This obviously implies that the f01�m 

(284) is non-negative definite and that its rank is identical w5.th d, if 

the spectrum S(¢) is contained in a d-dirnensional, but is not contained 

in a (d - I)-dimensional, Euclidean space through the origin of the 

(xl' ••• ,xk)-spa.ce ( it being understood that d = 0 corresponds to the "unit 

distribution",, for which S(¢) consists of the origin ) . In particule.r, (284) 

is positive definite if and only if d = k. 

70. The existen ce of the moments (282) will not be needed in 

the sequel ; so that¢ is an arbitro.ry distribution on the (x1, • •• ,xk ) -space, 

where k has a given value greater t':an 1. 

Let X: - <::11 < x < (y7 be an oriented line through the origin of 
X 

the (x1, •• • ,�)-space. For a given x, let FX denote the k-din;ensional, 

open half-space consisting of those points t = (�, • •• ,xk) for whieh the 

x-coordinate of the point tx is less than the given x, where tX denotes 

the orthogonal projection oft on X. Then it is clear fror; (2801), (2802), 
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X 
(2803) that the function �J.(x) = ¢(FX ) satisfies the three conditions (8) 
chnracterizing a distribution on X. This one-dimensional distribution will 

be called the projection of the k-dimensional distribution ¢ on X, and it 

will be noted by ¢X = ¢X(x). 

0 
J 

• X 
Thus ¢X (y) = e�xy d¢(FX ) , by (10). Hence it is readily veri-

fied from the definition (281) and from Fubini1s theorem1 that 

(285) 0 0 
¢x (y) = ¢(aly, •• • ,�y); - oo< y <co , 

where a1, ••• ,� denote the direction cosines of the oriented line X. 

(286) 

It is clear from (285) that 

0 0 0 0 ¢1S. ( y) = ¢ ( y' 0 , •• • ' 0) ' • • •  ' � (y) = ¢ ( 0' • • •  , c 'y) , 

where X1' ••• ,xk denote the coordinate axes in the (�, • • •  ,� ) -space. Need-

less to say, the k functions of the single variable y do not determine the 

flmction (281) of k independent variables. In other words, distinct 

k-dimensional distributions ¢ = ¢(F) can have one and the same set of pro-

,jections 

(287) ¢XI (x), • • •  , ¢Xk(x) 

on the respective coordinate aY.es x1, ••• X • ' k 
(On the other hand, if the projection ¢x(x) of ¢ is given for 

every X, i.e., if the continuum of all functions (285) belonging to a fixed 

function (281) is knovm, then the latter, and therefore the k-dimensional 

distribution ¢, is uniquely determined. But not even this seems to be 

trivial. Its truth can be concluded from the fe.ct that the solution of a 

cerkin integral eqJlation of Abel
1 s type is unique.) 
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71. Let R denote a rotation of the (x1, •• • ,xk)-space about the 
origin, and let RF be the Borel set into which a Borel F is turned by R. If 

a distribution ¢ has the property that ¢(F) = ¢(RF) holds for every F and 

for every R, the distribution ¢will be called of radial symmetry. 

Since the scalar product x1y1 + • •• + xkyk remains invariant when 

the (y1, ••• ,yk)-space is subj ected to the rotation R-1 inverse to the ro-

tation of the (x1, ••• ,Xk), and since every distribution¢ is uniquely de

termined by its transform (281), it is clear that¢ is of radial symmetry 

if and only if tne function (281) can be expressed as a function or the 

s:L"lgle variable 

(288) 
2 2 .1. 

q = (yl + • • • + Yk )2, where ( 
.1. ) 2 > o. = 

On the other hand, the projection ¢X = ¢x(x) of ¢ on the line X becomes in

dependent of the choice of the line X, and c�� therefore be denoted simply 

by�=�¢· Correspondingly, the transform of ¢x =�
¢

becomes independent 

of the direction cosines a1, ••• ,� of X. Consequently, from (285) and (288), 
0 0 (289) �¢ (q) = ¢ (yl, • • • ,yk). 

If a point t = (xl, • • •  ,�), where k > 1, is thought of as a 

Borel set, and if ¢ is of radial s��etry, the three conditions (2801), 

(280
2), (2803) obviously imply that � (t ) = 0 unless t = (o, • • •  ,o). In 

other words, the point spectrum, P(0) is either vacuous or consists of 

the origin. Thus, if ¢(0) denotes the value of ¢(F) when F is the point 

(O, • • • ,o), the distribution¢ is or is not continuous accordu1g as ¢(0) = 0 
or ¢(0) > 0. In either case, it is clear from the definition of the pro-

jection �¢ = �¢(x), that 
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(290) �¢(+0) - �¢(-0) = ¢(0). 

But it is also clear that the distribution �¢ is symmetric in the sense 

defined in § 67. Consequently, from (277), 
CP 

(291) �¢0{q) = ¢(0) + 2 � cos (qr) d�¢(r). 
+0 

Let � denote that distribution of radial symmetry on the 

{x1, • • • ,Xk)-space for which the spectrumS (¢) is the sphere 

x12 + ·•· + Xk2 = 1. Since the spectrum S{�), being a {k - I ) -dimensional 

manifold, is of Euclidean measure 0, and since the point spectrum P(B) is 

vacuous, the distribution � is purely singular. The distribution f3 will 

be called the equidistribution on the sphere x1
2 

+ ... • • + � 2 
= l. The 

equidistribution on the sphere x12 + • • • + xk
2 

= r2 of radius r is defined 

similarly; it will be denoted by � • (This notation agrees with the one r 

used at the beginning of §57 in the one-dimensional case; a case which 

is now excluded. ) Thus, from (291), 
0 0 (292) 

��r 
{q) = 

�� (rq), 
where f3 = 131 and 

0 
(293) �!3 (q) 

Qo 

= 2 r cos 

+0 
{qr) �

13
(r ) . 

For an arbitrary distribution ¢ of radial symmetry, let A¢{r) 

denote the value of ¢(F) when F is the interior of the sphere S(�r)' i.e., 

t. d . 2 2 2 ( ne oma1n x1 + • • • + � < r • Thus \p r ) is a non-decreasing function 

satisfying 

(294) A¢(+0) = ¢(0) and 'A.¢( c::p ) = 1; 



cf. (290) and (2803). If the distribution ¢ is thought of as a strati-:-

fication of the possible jump (290) and of the spherical equidistributions, 

it is seen from (2S9) and (2Sl) that, in view of Fubini
1

s theorem, 
� 

(295) �¢
0

(q) = ¢(0) + S �� 0(q} dA
� ( r ) . 

+0 r 'P 

72. The relations (291) and (295) are two geometrical decom

position s of the transform (281), represented by (289) and (288). In fact, 

the distribution JJ.¢(x) was defined in § 71 as the projection of ¢ on a 

line - Q/1 < x < '01' through (x1, • •• ,�) = (0, • • • ,0); so that �¢(x) is a 

symmetric distr:ibutj_on whicli. is continuous except for a possible jump, 
{lolds (290), at the origin, and so JJ.cp{r) = 1- J-1.¢(-r)�for every r > 0 {cf. the 

definition of J-1. in s 6). Accordingly, the difference JJ.cp(r) - J-1.�(-r) is, 
-1 'P 

on the one hand, identical with 2JJ.¢(r) - 1 and represents, on the other 

hand, the value of ¢(F) for that Borel set F which is the k-dimensional 

strip contained between two parallel hyper planes tangent to the sphere 

of radius r about the origin. Hence, if the factor 2 in (291) is moved 

beneath the integral sign, it is seen from 2d�¢{r) = d [2JJ.cp(r) - 1} that 

(291) represents the decomposition of the transfona (289) into cylindrical 

waves. On the other hand, the definition of 'A.¢(r) at the end of � 73 

shovrs that (295) is the decomposition of the same transform into spherical 



164 

waves. Originally, the transform was given by the k-fold integral (281) 

in the form of plane waves. 

Either of the weight functions, 2�
¢

(r) - 1 ann �¢(r), of the 

cylindrical and spherical stratifications determines the other uniquely. 

The explicit connection between these two functions is 

QO 
(296) 2�¢(r) - 1 = �¢(+0) + � �13(r/p) �¢(p); 

+0 
cf. (294). In fact, it is clear from (292) and (10) that �13(x/p) is the 

projection of the equidistribution carried by the sphere x1
2 + • • •  + xk

2 = p2, 

since �13(x) is the projection of the equidistribution carried by the sphere 

x12 + ••• + � 2 = 1. Thus (296) is evident from the geometrical interpre

tation given before, the two evaluations beD1g identical in view of Fubini's 

theorem. Correspondingly, (296) follows from the uniqueness result of ! 7 

also, if (296) is substituted into (291) and the resultli1g representation 

0 
of �¢ (q) is compared with the one which results by substituting (292) and 

(293) into (295). 

lows: 

The function �f3 occurring in (296) can be given explicitly, as fol-

( !(k-3) 
i + Bk J (1 - �) dx if 0 � r $:_ 1, 

0 
1 

(297) �
f3

(r ) = 

1 if 1 < r. (Qc:t , where B1 = te 2 r ( .Jrk)/ ·r ( -2:tk - 1), :: K '· . 

k being the dimension number. In fact, f3 = f3(F) is the equidistribution 

2 2 
on the sphere Xi + • • •  + � = 1, and �

13(x) is the one-dimensional distri-

bution representing the projection of f3 on a line - Oo < x < o:�  through 
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(x1, • • • ,�) = (o, • • • ,o). Hence, d�
�

(x) is proportional to the (k- 1)-

dimensional area of that portion of the sphere which is situated between 

the two hyper planes perpendicu�ar to the x-lll1e and proceed by the latter 

at the points x and x + dx. Thus d��(x) = 0 if either -� < x < -1 or 

1 ( X ( oP , while d!J..� (x) = const. Sink-l 9 d9 if -1 ( X ( 1, where 9 de

notes the azimuth in the (xl' .. . ,xk)-space with reference to the negatively 

oriented x-axis; so that x = - cos e. Since this gives d��(x) = const.(l - �)i(k-3Ax 

for -1 < x < 1, the assertion (297) follows, except for the numerical value 

of const. = Bk. But the latter is determined by (3); so that, correspond

ing to (215:bis), 1 
f i(k-1) 1. (297 bis) 1/� = 2 (1 - �) dx = �2 r (-�k - �)/ r (ik). 

(298) 

0 
Substitution of (297) into (293) gives 

0 l �(k-1) 
�� (q) = 2Bk J (1 - r2) cos (qr) dr. 

0 

This corresponds to (216) and can, corresponding to (216 bis), be expressed 

in terms of 

(298 bis) 

the cylinder function 
1 

J (z) � ---'2 h = ---- 2 
(�z)h r (h + t> 

h--+-
2 2 

s ) cos (zs)dx; 

In fact, h = ik- 1, and so, from (297 bis), 

o �k-1 r -*k-1 (299) �� (q) = 2"' (ik) J.lk-1 (q)/q� • 2 

h > 

(Incidentally, the function on the right of (299) becomes cos q in the case 

k = 1 con sidered at the beginning of §57; a case which is now excluded.) 

If k = 3, then (299) is reduced to the function (251), where y = q. If 
0 

k = 2, then (299) becomes just p..B = J0• 
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1 -z Since Jh(q) = O(q ) as q � oo holds for every h > �' it follows 

from (299) that 

(300) 
0 -�k+i Jl� ( q) = 0 ( q ) as q � � • 

The estimate (300), when compared with (297), illu strate s  the conclusion 

drawn from (197) in §53. 

If (299) and (292) are substituted into (295), where¢ is any 

k-dimensional distribution of radial symmetry, it follows that 
<P 

(301) 
0 1-*k ( l�k 

Jl� (q) = ¢(0) + � (tk)(tq) G j r G J1 {qr)dA�(r). 
'f/ +0 z-k-1 'f/ 

Accordingly, the k-fold integral (281) is reduced by (289) and (288) to the 

integral (301). Incidentally, (290), (291) and the parenthetical remark 

following (299) show that (301) is true in the excluded case k = 1 also, 

since then ¢ = !l¢ in virtue of § 5. 

In view of (291) and (29� bis ) , the relation (301) can be interpreted 

as the harmonic analysis (Fourier transform) of the connection between the 

two functions of stratification, Jl ¢ (r) a.nd /..q}r), belonging to a distribu

tion¢ of radial symmetry. This connection, namely (296), can be written 

in a form as explicit as (301). In fact , JJ.�{+O) = t and Jl�(QO) = 1, by 

(297). If this is combined with (294), a partial integration shows that 

the sum on the right of (296) is identical with 
t;;P 00 

1 5 . f 2 2 t(k-3) 2 2 - +OA¢(p)dPJJ.
B
(r/p), 1.e., ! - � t..¢(p)(l- r /p ) (-r/p )dp, 

r 

by (297) ; so that (296) appears in the form 

4JJ.c6(r) - 3 
(302) 2�r 

cP 
- f 2 2 t(k-3) 
- (p - r ) 

r 

t..q}P) 
k-1 

p 

dp. 
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In view of (8), the numerator of the quotient on the left of (302) tends 

to 1 as r � <:p • 

In connection with (302), cf. (310) below. 

If the function A¢ is given, the function�¢ follows from (302). 

In the converse problem, where �¢ is given, (302) represents a functional 

equation for the unlrnovm fun ction A¢. It is clear that the solution of this 

functional equation can be reduced to a differentiation if k = 3, and to 

Abel's integral equation, that is, to a differentiation of order �' if 

k = 2 . And it is easy to verify by successive partial integrations and 

by differentiations of integral order, that the solution of (302) in case 

of an arbitrary k can be r educed to the case k = 3 or to the case k = 2 

according as k is odd or even. Correspondingly, the function (298 bis) 

occurring in the harmonic analysis (301) of (302) can,by successive 

differentiations of integral order, be reduced to the elementary function 

J1 or to the less elementary function J0 (resulting from J1 by a differ

entiation of order -�) , according ask is odd or even. 

Needless to say, the integral equation (302) cannot have a non-

negative. non-decreasing solution A¢(r) satisfying A¢(�) = 1, unless the 

given function, �¢(r), is such as to represent the projection of a k

dimensional distribution of radial symnetry. 
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73. Let f(t) = f(x1, ••• ,xk) be a real-valued Baire function of 

the position on the k-dimensional Euclidean space T = x1 • ••• • Xk on 

whj_ch there is given a distribution, that is, a set-function ¢ satisfy-

ing (2801) , (2802), (280
3

). The function f can be undefined or ± Qo 

at some points (x1, • • •  ,�). However, the set, say Ff, of these points 

should be of ¢-measure o, i.e., such that ¢(Ff) = o. Then § 34 ass�gos 

to f a ¢-distribution, !-L = !J.(x), as follows: J.t(x) is the ¢-measure of 

the set of those points (x1, • •• ,xz) at which f(x1, • • • ,�) is less than x. 

(It is understood that the line X: - oo < x < <:P cannot be thought of as 

situated in the (�, • • • ,Xk)-space and must not, therefore, be confused 

with the line considered at the beginning of .§ 70). 

(303) 

Now let the given function f be 
k 

l_ fl XJ• k J-
f (xl, • •• ,xk) = /l k ±. � 

)
2
/ ! 

k L (xi - k L xj 
i=l j=l 

1 
(11Student's ratio11). The denominator , I j2, vanishes on a (k- I)-dimen-

sional manifold which represents the set F f mentioned before. Accordingly, 

the distribution ¢ must be chosen such that this manifold, which is inde-

pendent of ¢, is of ¢-mee.sure 0. It is understood that k is assumed to be 

at least 2 (othe�¥ise the denominator of (303) vanishes identically). 

Suppose now that ¢ is of radial symmetry. It will be shovm that 

the cb-distribution of the function (303) then is independent of the choice 

of ¢. T'ne explicit form of this common ¢-distribution, a distribution which 
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depends only on the dimension number k and can therefore be denoted by 

ak = � (x), will be a by-product of the proof. It turns out that '\: is 

the absolutely continuous distribution having a density proportional to 

�k (1 + x2) for - oo< x <oo; so that, from (215) and (215 bis), 

(304) 
1k 1 2-'2 -.--

�·(x) = -\(1 +X) , , where -\ = tt 2 r (-�k + t)/ r (ik), 

It must of course be assumed that the manifold, Ff, on which the 

denominator of (303) vanishes is of ¢-measure 0. But ¢ is of radial sym

metry�and so it is clear that ¢(Ff) = 0 if and only if ¢(0) = O, where ¢(0) 

denotes, as in § 71, the only possible jump of ¢. Accordingly, the as

sertion is that the ¢-distribution of (303) has the density (304) for every 

distribution ¢ which is of radial symmetry a�d such that ¢(0) = 0. 

Let N denote the line which passes through the origin of the 

(xl' .. .,�)-space and is normal to the hyper plane pierced by the x
j

-axis 

at the point x
j 

= 1 of the latter, where j = l, • • • ,k. Then the k direction 
1 

cosines of N have a common value, k� (> o, if N is oriented from the origin 

toward the hype!' plane). Hence, if P"N denotes any rote..tion of the 

(xp • • •  ,xk)-space about the line N, a rotation which is uniquely determined 

only when k = 2, then the k-rowed orthogonal matrix defining RN has k equal 

1 
elements, k�, in its k-th row. Accordingly, if (1x1, • • ,1�) denotes the 

space into which the space (x1, •• • ,xk) is rotated by a given RN' then 

� 1 k - i 
(3051) '� = L_ k ::�xJ., i.e., ,2: x. - k 'XJc· 

. 1 . 1 J 

J

= 

J= 
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Thus the square of the denominator of (303) is 1/k times 

k k 
J. 2 2 .l 1 J. � (xi - k 2f�) = L xi - 2(k2'xk) k -'2 'xk + k (k 2 

i=l i=l 

·�)2. 

But the first sum on the right is invariant under any rotation, and so the 

whole expression on the right is identical with the sum of the squares of 

the first k - l of the k coordinates 'xj. 

(303) is 

(3052) I 
1. k-1 2 I = (k-1 .L 

j=l 

Accordingly, the denominator of 

I 2)! xj • 

Hence, if the numerator is expressed in terms of (3051), it follows that 

the function (303 ) is transformed by any rotation RN into the function 
1 

(306) 'f('xl, ••• ,'xk) = 'xk/('xl2 + ••• + ·�-12)2 

( in the sense that f(xl, • •• ,xk) = 'f('x1, • • • ,1xk) in virtue of RN). What 

will be essential in the proof of (304) is the fact that none of the k 

coordinates 'xj occurs in the numerator and in the denominator of (306). 

Let a set of points in the k-dimensional space be called a half-cone 

if it consists of a set of half-line s ending at the origin (so that "half-

cone" means "half-cone issued from the origin " ) . Since the ratio (306) 

remains unchanged if each of the k coordinates 'xj is multiplied by an 

arbitrary positive number, it is clear that, if ex denotes the set of 

those points at which the value of the function (306) is less than a given 

number x, then ex is a half-cone. It depends on the choice of the rota-

tion � turning the original coordinate system, (x1 , • • • ,xk) into the 
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coordinate system, (•x1, ••• ,1�), which occurs in (306); so that 

X X 
C == C (P'N). However, sin ce ¢ is of radial symmetry, and since the 

function (306) is identical with the fun ction (303) in virtue of �p 

the ¢-measure of cf(P"N) is independent of �; in fact, it i s  identical 

with �(x), if �(x) denot e s the drmeasure of the set of those points 

(x1, •• • 1Y-k) at which the value of the function (303) is less than x. 

Now let M be any (oriented) line through the origin. Let the 

coordinate system (xl' •• • ,xk) be rotated into a coordinate system, say 

(v1, • • •  ,vk), which relates to the line M in the same way .as the lineN 

relates to the coordinate system (x1, • • . ,Xk)• Finally, let (1v1, ••• ,1vk) 

denote the coordinate system belonging to the coordinate system 

(v1, . . .  ,vk) in the same way as (•x1, ••. ,1�) belongs to (x
1

, • • •  ,xk). 

Then, since ¢ is of radial symmetry, the ¢-measure of the set of those 

2 2 -1,. 
points (1u1, • • • ,1�) at which the function '�/('� + •• • + ·�-l )�, 
wr�ch corresponds to (306), is less than x, has the same ¢-measure as 

before, namely �(x). Since this holds for any line M through (o, • • •  ,o), 

and since the group of all rote.tions about (0, ••• ,o) is transitive, it 

now follows, by one more application of the radial symmetry of ¢·, that 

X �(x) is identical with the ¢-measure of tl1e half-cone C (R) for any 

choice of the rotation R which turns the coordinate system (x1, •• • ,Xk) 
into the coordinate system (1�, •• • ,1�) occurring in (3o6). Before this 

·consideration, only rotations R of the particular type � were admitted. 

Since cx(R) can be referred to an arbitrary R, it is now seen, by 

changir.g the notions in (306), that the function � (x), originally defined 

as the if-rdistribution of (306), is the �istribution of 
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(307) 2 2 A g(xl, • • • ,xk) = �/(xl + •• • + xk-1 )2 

as well. In fact , all that this means is that �(x) is identical with 

the ¢-measure of the half-cone on which the function (307) is less than x. 

Let this half-cone be denoted simply by ex. Then, if the set RF defined 

as at the beginning of 6 71, the radial syrn....metry of ¢ = ¢(F) implies 

ihat �(x) = ¢(Ref) holds for every rotation R, since �(x) = ¢(C
x
). 

It is clear fron (2802) that �(x) = ¢(RCx) cannot hold for every 

Runless ak(x) is a 

set of those points 

X 
constant multiple of meas ex, where c denotes 

2 2 
of the sphere x1 + • •• + � = 1 which are on 

the 

the 

half-lines constituting the half-cone ex, and meas ex is the (k - 1)-di-

x X 
mensional surface measure of c • But C was the set of those points 

(x1, • • •  ,xk) of the k-dimensional space at which the function (307) is less 

than x. Hence , ex is the set of those points of the sphere x1
2 

+ • • •  + xk 2 = 1 

2 A 
at which tbe function X':k:/(1 - � ) 2 is less than x. Since the inequality 

I 
2J,. 

xk (1 - xk ) "" < x can be written in the form � < s, where 
1 

(30�) s = x/(1 + x2)2, 

it follows that �(x) is a constant multiple of the (k - 1)-dimensional 

2 2 surface measure of tm.t portion of the sphere x1 + • • • + xk = 1 which 

is to the left of the hyper plane � = s, if the �-axis is thought of as 

oriented from left to right. But it was seen in the proof of (297) that 

this surface measure is a constant multiple of 

J
s 2 -Hk-3) 

(309) (1 - � ) �' 
-1 



173 

if -1 < s < 1. Since (308) defL�es a one-to-onecorres0ondence be-

tween the whole x-axis and the interval -1 < s < 1, it follows that 

ak(x) is a constant multiple of (309), and therefore the derivative 
J.(k-3) ak'(x) is a constant multiple of (1- s2)-o s•, for - OO < x <ao. 

2 1k 
1't1is gives ak'(x) = const. (1 + x )�,if s = s(x) and s' == s• (x) 

are subst:i.tuted from (308). Since the numerical value of the factor 

of proportionality is determined by (3), the proof of (304) is complete. 

74. The connectiag link, (308), between the :_urojections (297) 

of the spherical e::ruidistributlons and the distributions defbed by (304) 

suggests for ti1e latter distributions the following geometrical interpre-

tation: Let the (x1, ••• ,Xk)-space be thought of as Riemann's spherical 

space on which x1, • • • ,xk are his Cartesian normal coordinates, mapping the 

"sphere" conformally on the E-nclidean realization of the (x1, ••• ,XJc)-space; 

so that the coefficient matrix, (gij), of the squared li�e element becomes 
2 -2 + • •• + � ) times the unit matrix, if the unit of length is 

normalized the diameter of the "sphere". Since t�e square root of det (g .. ) lJ 
-k 2 2 2 

is (1 + r
2 ) , 1Nhere r = x1 + • • •  + xk , the Rienannian volume element 

2 -k is (1 + r ) ti.mes the Euclidea.n volume element dx1 • • •  di);• Consequently, 

if 11equ5.d.istribution11 is meant in the sense corresponding to the definition 

of the distribut�.on � introduced after (291), then the equidistribution 
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on the Riemannian space is represented by that absolutely continuous 

distribution on the Euclidean (�, • • • ,Xk)-space which has a density 
-k 

proportional to (1 + r2) • But the proj ection of this k-dJ.mensional 

distribution on a line - 0'( x < r:P through the origin (0, • • •  ,0) is 

precisely the distribution '1c(x) found in B 73. 

In order to verify this, let ¢ denote any absolutely continuous 
2 2 ],_ distribution of radial symmetry, and let �� (r), where r = (x1 + • • •  +�, ) 2 

'i-' """ ' 
denote the density of ¢. Accord.ing to the defL.ii tion of the proj ectim1 

��:p = �¢(x), i.."'ltroduced after (288), the value of the distribution �¢ for 

a given x results if<! q}r) dx1 • • •  d� is integrc:.ted over the half-space 

xk < x; so that d�¢(x), the value of¢= ¢(F) for the infinitesimal 

strip F contained between the hyper planes xk = x and xk = x + dx, is 

dx times the integral of o ¢(r) d� • •  · �-l over the ;•rhole (�, • • •  ,�_1)-
2 2 2 ],_ 

space. SLice r =  (xl + • •• + xk-1 + � )2, it follows that the one-

:limensional distribution fA¢(x) has the density 

�A¢' (x) = J . . • J <f ¢( fp2 
+ x2 ) dx1 • •  ·�-1 ' 

.2 2 ],_ 
where p = (x1· + • • •  + �-1)2• 

But this p represents the radial polar coordinate in the (k - 1)-dimensional 

E11clidean space over which the integration is extended; so that dx1 • • • dxk-l 
k� 2 2 

is p times the surface element of the sphere x1 + • • •  + �-l�l (if k > 2). 
Consequently, 

(.310) 1A¢'(x) = con st. 

Of) 

f rf¢('./l + x
2 

) 

0 

k-2 
p dp, 

where the const. is the (k - I)-dimensional Euclj_dean surface area of the 

sphere (if k > 2; and const. = 2 in the limiting case k = 2). Incj_dentally, 
made of (315) 

this surface area can be aa.lculated fror.1 (310) itself, if' use is "below. 
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In the Riemannian case considered above, the density or $(r) 
2 -k . was seen to be a constant multiple of (1 + r ) • Hence, the asser-

tion to be verified is that (310) becomes identical with (304) in this 

case. But the truth of this becomes clear by observing that, if 

� (r) = Const.(l + r2) -k
, the replacement of p by the integration 

¢ 
variable q = p2/(l + �), where xis fixed, transforms the integral 

? _l.k (310) into a constant multiple of (1 + x-) 2 • 

Thus (304) and the derivative of (297) are the densities of 

the projections of the equidistributions carried by the k-dimensional 

2 2 
spherical space and by the sphere x1 + • • • + � = 1 respectively. 

Ca-nsider now the equidistribution on the sphere x12 + • • • + � 2 < 1. 

This is the k-dimensional distribution ¢ having a density 0' ¢ (r) which 

is positive constant or 0 according as r < 1 or r > 1. Hence, the inte-

k-1 gral (310) becomes 0 or a constant multiple of the integral of p dp 
1 

over the interval 0 _5 p < (1 - 0)2, according as \ x\ � 1 or txl � 1. 

Accordinely, the density of the projection �r:p(x) of the 

distribution¢ carried by the sphere x1
2 + • • • + xk2 

< 1 is 0 or a 
·�(k-1) 

stant multiple of (1 - �) according as \x \ > 1 or\ x \ < 1. 

equi-

con-

On 

the other hand, (29'7) states that the density of the projection J.t�(x) of 

the equidistribution � carried by the sphere x1
2+ • • •  + �2 = 1 is 0 or 

.l(k-3) 
a constant multiple of (1 - �)2 according as l x� > 1 or\ x \ < 1. 

Since the exponent, !(k- 3), in the latter density, becomes identical 

with the exponent, !Ck- 1), in the former density if the dimension num-

ber of the (�, ••• ,xk)-space is increased by 2, it follows that the 
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2 
projection of the equidistribution carried by the sphere � + ... 2 

+ xk 

is identical with the projection of the equidistribution carried by the 

2 2 
sphere x1 + • •• + xh = 1, where h = k + 2. 

Actually, the identity of these two projections is just a re-

statement of a classical theorem in multi�dimensional stereometry. The -
limiting case k = 1, where the sphere x1

2 
+ • • • + xk

2 
< 1 is the interval 

-1 < x1 < 

face area 

1, represents Archimedes' theorem, according to which the sur-

fff h 2 2 2 
of a sector cut o rom t e sphere x1 + � + Xj = 1 by a 

plane x1 =xis proportional to the altitude 1 +  x of the sector, where 

-1 < x < 1. In fact, if k is replaced by h = k + 2, then the function in 

the first line of (297) becomes linear in the case !(h - 3) = 0. 

< 1 

75. Instead of k-dimensional distribution ¢ of radial symmetry, 

consider for a moment the k-dimensional distributions ¢ which are product 

distributions. The latter are defined by the property tha��measure on 

the (xl, • • •  ,Xk) -space is the product mea��re (in the sense of (119) and 

(120), where tj = xj' n = k and ¢n = ¢) of the pr ojections of ¢ on the k 

coordinate axes Xj. It is clear from (118), (120) and from thj unique

ness theorem of the transform (281), that a distribution ¢ is a product 

distribution if and only if 

(311) 
0 0 0 0 ¢ (yl, • • •  ,yk) = ¢ (yl,o, •• • ,o)¢ (o,y2, • • .  ,o) • • • ¢ (o,o, • • •  ,yk) 
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·holds for (281) as an identity on the (y1, • • •  ,yk)-space. In fact, the 

projections of ¢ on the coordinate axes and the transforms of tlese pro-

jections are given by (287) and (286) respectively; so that (311) is 

equivalent to 

(312) . . .  

(Let ¢0 (x) denote the one-dimensional distribution representing 

the projection of the k-dimensional product distribution ¢ on that line 

through the origin of the (�, • • •  ,xk)-space which has the direction 
1 

-z cosines a. = k for j = 1, • • • ,k. Thus ¢ (x) is the d> .. -measure of the J ·o 
half -space � + • • • + XJc < x; cf. (3051) • On the other hand, (285 ) and 

(312 ) show that 

(312 bis ) • • • 
0 

¢� (y) • 

This, when compared with ( 82 ) , explains, via (123), the geometrical mean

ing of the convolution process.) 

After this digression, consider again a question involving 

radial symmetry. 

It is shown in the e lements of the kinetic theory of gases that 

an absolute ly continuo11s product distribution having a differentiable 

density cannot be of radial symmetry unless the density is a constant 

multiple exp ( -r
2 ) , mf the unit of l ength is suitably chosen. It is easy 

to prove th at this holds without any assumption of continuity, except 

that one has then to include the trivial case of tile "unit distribution" 

(for which case the suect�Im consists of the origin ) . 
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In fact, suppose that ¢ is a product distribution of radial sym

metry. This means t�at, if q is defined by (288), both (289) and (311) 

are valid. Hence 

(313) 0 0 0 

�0 (q) = �¢ (yl) �¢ (y2) 
0 2 

• • •  1-t¢ (yk), where q = (y1 + • • •  

It follows therefore from 
0 0 0 (12) that �¢ (q) = �¢ (y1) !J.¢ (y2), where 

2 2 t q = (yl + Y2 ) • This can be written in the form 
l. (3141) f(ql + q2) 

= f(ql) f(q2); 0 ·:> 

(3142) f(q) = �¢ (q�), 

l. 2 2 
+ yk -) 

where the q are arbitrary non-neg�tive numbers. It follows �1at there 

cannot exist any q = q0 satisfying f(q0) = 0. This is clear from (3142) 

and (12), if�= 0. If, on the other hand, q0 > o, then successive 
n 

application of (3411) shows that f(q0) = 0 implies f(qol2 ) = 0 for n = 

1,2, • • • ; so that the zeros of f(q), and so, by (3142), the zeros of �¢(q), 
cluster at q = 0. But this contradicts (12), since, as proved in§ 10, 

the function �¢0 is continuous. TI1us f(q) is a continuo11s function which 

does not vanish for any q. In addition, f(q) is real-vRlued in view of 

(291) and (314.2). It follows therefore from (12) and (3142) that f(q) 

is a continuous function which is positive for every q. Hence, (3141) 

can be written in the form g(q1 + q2) = g(q1) + g(q2), where g(q) =log f(q) 

is a real-valued continuous function. Consequently, there exists a real 

constant c such that g(q) = cq, i.e., f(q) = e��(cq). 

This means, by (3142), that �¢0(q) = exp (cq2). It follows 

therefore from (11) that c cannot be positive. Consequently, either c is 

0 or tile unit of length can be so chosen that c becomes �;, cf. (17). 
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0 
In the first case,�¢ (q) is the constant 1. But then (15), (289) and 

(281) imply that the spect�� S(¢) consists of the single point (o, •• • ,o). 
In the second case, �¢0{q) is identical with exp(-!q2), which means, by 

(154), that �c:D is the distribution e having the density (205 bis) . But 

then 0 is the product distribution of k projections (287) each of which 

has the density (205 bis) ; so that ¢ is t�e k-dimensional distribution 

having the den sity 

(315) 1 2 2 2 exp (-zr ) , where r = (x1 � . . . 

This is Maxwell's "proof" for t�e validity of his law of the 

distribution of the velocities in a free ideal gas (the dimension number, 

k, is 3, the dimension number of the natural (x,y,z)-space). A more 

realistic approach is developed in Boltz�ann's Vorlesungen. He considers 

a system of a large number of identical free molecules. Thus, if k is 

the degree of freedom, then, since the conservation of the energy means 

the conservation of the kinet:i.c energy, the velocity components, say 

2 2 x1, ••• ,�, are subject to the relation x:t_ + • • • + XJc = 1, if the units 

are suitable chosen for every fixed k. 
2 

face would appear in the form x1 + • • • 

Correspondingly, the energy sur

+ Xk2 = k2, if the units were 

chosenthe same for k=l as for anyk. The resulting discrepancy, introduc-
1 "'5 

ing the reduction factor k� in the linear dimensions, will beco2e funda.:.. 

mental in a moment. 

C0nsi�er the equidistribution on the energy surface �2 + • • •  + XJc 2 = 1. 

According to (297), the projection of this equidistribution has the density which 

-;·(k-3) is equal to Bk(l - x2f or to 0 according as x is or is not in the 
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range -1 < x < 1. Hence it is alear that, if the radius of the sphere 
1 

is changed from 1 to k2, then the density of projection becomes 

1 
-2 2 �(k-3) Bkk (1 - x /k) or 0 according as x is or is not in the range 

1 � � 
-k-2 < x < k;". Since k2 � � as k � QO , and since Stirling's ( or 

Wallis') formula implies that the numbers Bk defined by (297 bis) 
_.1. _),. 

satisfy the limit relation Bkk 2� � 2, it follows that, as k _.., oo J 

-� 2 
the density belonging to the altered units tends to � 2exp(-x ) uni-

forr1ly on every fixed bounded x-inte:rval. 
-� ( 2 

But � 2 exp -x ) is a den-

sity which, except for a fixed change of the unit (in the proportion 
1 

1 : 2�T), is identical with the density (205 bis). 
1 

Incidentally, it is seen from (304) that Akk-� �-2, and that, 

in view of the structure of the function (304), the preceding ap9roach 

to (205 bis) can therefore be applied without any change, if the k-dirnen-

sional sphere is replaced by the k-dimensional spherical space, considered 

in § 73. This latter aporoach to (205 bis), when translated into the 

language of the statisticians, mean s that the distribution of Student's 

ratio (303) for a large normal sample (x1, . • .  ,xk) is approximately normal, 

.s.nd tr1a t Student's result (_304) is exact for a m!l§J.l normal sample as well. 
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The following notes are not of course intended to be complete. Their 

main purpose is to refer the reader to the original papers containing the 

principal general results on the one hand, and examples of theoretical interest 

on the other hand. 

§ 26 - §41. The "Three Series Criterion" ( §33) 1or convergence 

almost everywhere on the infinite product space is the fundamental theorem 

of A. Khintchine and A. Kolmogoroff, Recueil Soc. Math. de Moscou, vol. 32 

(1925), pp. 668-677. Essential applications and interpretations of this 

general theorem were given by P. Levy, Studia Math., vol. 3 (1931), pp. 119-155. 
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Levy has, among other things, the fact that, in case of infinite product 

measures, convergence in measure implies (and is therefore equivalent to) 

convergence alma st ever:rv<;herc. In the language of infinite convolutions, 

ttis becomes the criterion given in § 3.3; cf. B. Jessen and A. Wintn er, 

Trans • .  fl..mer. iViath. Soc., val. 38 (19.35), pp. 48-88. In case of a finite 

number of dimensions, the corresponding coalescence (viz., the identity of 

"independence" with "additive independence" ) does not take place; in this 

regard, cf. P. Hartmen, E.R. van Kampen and A. Wintner, limer. Jour. of Math., 

vol. 61 (19.39), pp. 477-486. The theorem of § 41 was proved by Jessen and 

'Wintner ( loc. cit. ) . 

Historically, the whole development was initiated by Borel 1 s forr,Jula

tion and proof of his "either 0 or 1" theorem ( Rend. Palermo, vol. 29 (1909), 

p_p. 247-271). Toda.y it is easy, but at that time it was a true mathematical 

achievement, to think of the ordinary n:easure on the in terval 0 � x � 1 as a 

product measure in an infinite product space, the factor·s being the bina.ry 

S?aces corresponding to the dyadic expansion of x. It may be mentioned that 

not only the general theory of "randon; variables" but also Birkhoff1s ergodic 

theorem are pattern ed after Borel's theorem, which indeed is a particular 

case ( with metrical transitivity) of the ergodic theorem. 

§42- §48. Under the restriction to finite second moments, the 

determination of the Fourier transforms of semi-groups was carried out by A. 

Kolmogoroff, Rend. Acca.d. Lincei, ser. 6, vol. 15 (1932), pp. 805-808 and 

866-869. The genere.l theoreril, that concerning arbitrary semi-groups, is due 

to P. Levy, Ann. di Pisa, ser. 2, vol. 3 (19.34), pp. 19.34; vol. 4 (19.35), pp. 
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217-218. The above proof is ba sed on the considerc.tions used for finer )Ur

poses by P. Hartman and A. Wintner, Amer. Jour. of Matil., vol. 62 (1940), pp. 

757-779. 

� 4 9 - § 52. Concernin g  the oldest criteria. for the validity of Fourisr 1 s 

inversion formula, cf. the historical comments of A. Pringsheim, Jahresber. 

!IJ;_ath. Ver., vol. 16 (1907), pp. 2 - 16, according to whicr. the first criterion 

applicable in case of conditional convergence is one given by A. rtarnack (1885). 

The criterion of §52 for continuity is nothing but the mathematical physicists' 

definition of a wave-length contained in the line spectrum; it may go back to 

Stokes (or to the school preceding him in optics) . In conne c ti cn with distri

bution functions as such, it was pointed out by P. Llvy[2], pp. 169-172. The 

Stiel tjes form, (185), of Fourier 1 s inversion and, first of all, the fundamen

tal completeness theorem of .§ 9 are also due to him (loc. cit.; cf. Coopt.es 

Rendus, vol. 175 (1922), pp. 854-856andPracel\Iat.-Fiz., val. 39 (1932), pp. 

lq-28). 

The criteria (198), (200) for a high de gree of smoothness were adb.pted 

to infinite CC'nvolutions by A. Wintner, Amer. Jour. of r.:ath., vol. 55 (1933), 

pp. 309-331 and vol. 56 (1934), pp. 659-66_3; for further applications, cf. B. 

Jessen and A. Wintner, loc. cit. (and, in the latter connection, E. K. naviland 

and A. Wintner, Duke Math. Journ., vol. 2 (1936), pp. 712-721). The existence 

of the symmetric "stable" distributions, those assigned by (202), was tacitly 

assumed by Cauchy for 0 < p < oo , and only L�vy observed the necessity, and 

has proved the sufficiency, of the restriction p .S 2; for references, cf. A. 

Wintner, Arner. Jour. of Math. , vol. 5E (1936), pp. -45-90, where a sharper re

sult is proved. The expansion of �55, where 0 < p � 1, was given in Duke 

LL 
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r;;a.th. Jour., vol. 8 (1941), pp. 678-681. 

§57 - § 68. In §59, the mapping of the unit int erval on the infinity 

product space of alternative choices is the idea which, in connection with 

Borel's paper, was pointed out above . This, the simplest, particular case 

of the gen eral theorem of Khintchine and Kolmogoroff (1925) has been dealt 

with by R.E.A.C. Paley and A. Zygillund, Proc. Crunbr. Phil. Soc., vol. 26 (1930), 

pp. 337-357. Thf� infin ite product (218) as such was introduced as a fairly 

general source of instructive examples (and counter-examples ) by B. Jessen and 

A. Wintner, loc. cit., where the results of J 58 were also given. To .§ 60 

.§ 62, cf. F. Hausdorff, i'v1a.th. Annalen, vol. 79 (1919), pp. 157-179; the ap-

plication of Hausdorff measures to (217) was given by R. Kershner and A. Win tner ,  

Amer. Jour. of Math., vol. 57 (1935), pp. 541-548. Those results of $ 63 which 

concern an irrational r were proved by P. Erd8s, ibid., vol. 61 (1939), pp. 

974-976; cf. also vol. 62 (1940), pp. 180-186). As to § 64, cf. N. Wiener and 

A. Wintner, ibid., vol. 6o {1938), pp. 513-522 and Jour. of Math. snd Phys. 

(M.I.T. ) , vol. 17 {1939), pp. 233-246. The estimates of § 66 were given [l'lith 

the unnecessary restricticn to the case (217)J by A. Khintchine, Math • .Annalen, 

vol. 96 (1927), pp. 152-168. 

§ 69 - § 75. The consideration of projections of distributions of 

radial symmetry goes back to Boltzmann's approach to the velocity distribu-

tion in ideal gases, subsequently considered by Borel. The above treatment 

is that given by P. Hartman and A. Wintner, .Amer. Jour. of Math., vol. 62 

(1940), pp. 757-779, where detailed references will be found to the literature 

of the subject. 
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Student 1 s distribution is usually deduced as a property of normal 

distributions, rather than, as in § 73, as a purely geometricc.l fact v&lid, 

for reasons of homogeneity, for any distribution of radial symmetry ( whether 

the distribution be a product measure or not ) . For the corresponding metrical 

interpretation in tenns of Riemann 1 s spherical geometry, cf. A. Wintner, 

Astronorr.ical Papers Dedicated to Elis Str6mgren, Copenhegen, 1940, pp. 2'26-297. 




